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One of the main science goals of the Large Synoptic Survey Telescope (LSST)
is to uncover the nature of cosmic acceleration. In the base analysis, possible de-
viations from the Lambda-Cold-Dark-Matter (ΛCDM) background evolution will be
probed by fitting a w(z)CDM model, which allows for a redshift-dependent dark
energy equation of state with w(z), within general relativity (GR). A rich array
of other phenomena can arise due to deviations from the standard ΛCDM+GR
model though, including modifications to the growth rate of structure and lensing,
and novel screening effects on non-linear scales. Concrete physical models are
needed to provide consistent predictions for these (potentially small) effects, to
give us the best chance of detecting them and separating them from astrophysical
systematics. A complex plethora of possible models has been constructed over
the past few decades, with none emerging as a particular favorite. This document
prioritizes a subset of these models along with rationales for further study and in-
clusion into the LSST Dark Energy Science Collaboration (DESC) data analysis
pipelines, based on their observational viability, theoretical plausibility, and level of
theoretical development. We provide references and theoretical expressions to aid
the integration of these models into DESC software and simulations, and give jus-
tifications for why other models were not prioritized. While DESC efforts are free to
pursue other models, we provide here guidelines on which theories appear to have
higher priority for collaboration efforts due to their perceived promise and greater
instructional value.
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1. Introduction
The purpose of this document is to identify a small selection of well-motivated
modified gravity (MG) models to be used as the basis for developing a DE/MG
analysis for the Dark Energy Science Collaboration (DESC) of the Large Synop-
tic Survey Telescope (LSST). This document provides a deliverable to the DESC
science road map (SRM1) objective TJP2.1 of the Theory and Joint Probes (TJP)
working group. The construction of models beyond GR/w(z)CDM is a major focus
of the theoretical cosmology community, motivated by issues such as the cosmo-
logical constant problem, the observation of cosmic acceleration, predictions of
new fields/particles from high-energy theory, and the fact that GR has not yet been
tested precisely on cosmological scales. As a result, a large set of models exists
in the literature, but not all are well-motivated or developed enough to be worth
the extensive effort of testing them with LSST data. Equally importantly, the devel-
opment of DE/MG analysis tools beyond tests of w(z)CDM and phenomenological
treatments will also broaden the fundamental cosmology science return from LSST.
Recent literature shows the tremendous interest from the scientific community in
probing deviations from General Relativity at cosmological scales, see e.g., Clifton
et al. (2012); Joyce et al. (2015); Koyama (2016a,b); Joyce et al. (2016); Ishak
(2019).
Specific examples of modified gravity models are needed to inform the design
of an effective MG/DE analysis. When the assumptions behind GR are broken, or
new types of field are added, new gravitational effects such as screening mech-
anisms can be introduced. The existence or behavior of such effects have been
discovered or better understood by studying specific theories. While reliable phe-
nomenological descriptions can now be made for some subset of the possibilities
(e.g., the effective equation of state of dark energy, w(z)), these typically work
within a certain framework, and can miss degrees of freedom outside that frame-
work.
Novel effects such as screening are also intrinsically non-linear in nature.
Progress has been made on pushing parametrizations into the mildly non-linear
regime (Hu & Sawicki 2007; Koyama et al. 2009; Lombriser et al. 2014; Lombriser
2014; Taruya 2016; Nishimichi et al. 2017; Namikawa et al. 2018) and even into the
deeply nonlinear regime (Lombriser 2016); however, the study of N-body simula-
tions of specific modified gravity models is needed in order to validate and improve
such parametrizations (Koyama et al. 2009; Zhao et al. 2011). Again, N-body sim-
ulations can cover models that are not within the framework of such parametriza-
tions. Therefore studying some specific modified gravity models complements well
phenomenological approaches.
Although a large number of modified gravity theories have been proposed in the
literature (for example, see the reviews by (Clifton et al. 2012; Will 2014; Joyce et al.
2015; Berti et al. 2015; Koyama 2016b; Ishak 2019), this study focuses on models
that can have effects on cosmological scales and, in particular, can produce the
1 http://lsstdesc.org/sites/default/files/DESC_SRM_V1_4.pdf
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late-time observed cosmic acceleration without a cosmological constant. It is also
worth clarifying that even if modified gravity models do not solve the cosmological
constant (vacuum energy) problems, they may still provide some hints on how to
re-approach these problems. Indeed, before the discovery of cosmic acceleration,
it was well-known that theoretical expectations for the cosmological constant ex-
ceed observational constraints by 120 orders of magnitude, e.g., Weinberg (1989).
Almost all modified gravity theories do not solve this ‘old’ cosmological constant
problem, i.e., why the cosmological constant does not have the very high value
predicted by extrapolation of GR or quantum field estimations (though there has
been a spate of recent attempts to resolve this in Kaloper & Padilla (2014); Ap-
pleby & Linder (2018); Khoury et al. (2018); Lombriser (2018).) It may be helpful
though if modified gravity is found responsible for cosmic acceleration, as in that
case one can think about the cosmological constant problem with no connection to
cosmic acceleration. However, some modified gravity models such as Horndeski
theory (see section 2.1) or non-local models (see section 2.3) can solve aspects
of the ‘new’ cosmological constant problem, that is: “why is the cosmological con-
stant small, but not exactly zero?” (zero might be reasoned as a natural value if
protected by some unknown symmetry). An alternative statement of this is: “why
does the cosmological constant have the specific non-zero value measured from
observations?” (Carroll 2001; Peebles & Ratra 2003; Ishak 2007). This formula-
tion of the problem highlights the coincidental fact that the observed cosmological
constant energy density is close to the matter density today.
It is also important to plan for a future DE/MG analysis now, to ensure that
GR/ΛCDM assumptions are not hidden in analysis pipelines, and that appropriate
resources are available for the task when the analysis is eventually performed. If
multiple large MG N-body simulations are needed to support the analysis (as is
currently the assumption in the Euclid collaboration (Amendola et al. 2018)), it is
best to be aware of this well in advance to allow time for resource allocation, soft-
ware and skills development, and the possibility of sharing the workload with other
survey collaborations. Finally, and as mentioned earlier, the development of analy-
sis tools to test models beyond w(z)CDM and their phenomenological treatments
will also enlarge the eventual fundamental cosmology science return from LSST,
and will serve as a foundation for developing more sophisticated analyses that may
be required by the early 2020s.
1.1. Overview and selection criteria
This document summarizes the results of a consultation process within the TJP
working group to identify a set of models that are: (a) physically self-consistent
and well-motivated enough to be worth testing; (b) theoretically mature enough
that accurate predictions can be made for LSST observables; (c) interesting and
different enough from GR/ΛCDM to serve as good “templates” for a broader se-
lection of alternative theories that we may want to test in future; and (d) accessible
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and meaningfully testable with specifically LSST data, either on its own, or in com-
bination with contemporaneous experiments.
The relative weight of each of these criteria will differ from person to person,
and aspects such as “physical motivation” are also subjective. These issues were
explored and thoroughly discussed at DESC hack weeks, collaboration meetings,
and several TJP teleconferences, and by the end of the process we were able to
reach a consensus on the recommendations detailed below.
1.2. Intended uses of this document
The recommendations made in this document are intended to provide guide-
lines to DESC members on which DE/MG theories appear to have higher priority
for collaboration efforts due to their perceived greater informative value. This will
be useful to the DESC members when performing activities such as building anal-
ysis pipelines and planning N-body simulations. The list of recommended models
should not be taken as exclusive, nor should it hamper work on other models. In-
stead, it establishes a “preferred” set of reference or example models that DESC
members can focus their development work on, in the knowledge that other mem-
bers should also be prioritizing the same models.
In summary, the recommended models have been selected because they were
found to offer a good combination of physical motivation and interest, maturity, and
testability with LSST.
2. Recommendations
We recommend that development is initially focused on the following class of
models:
1. Horndeski theories, the most general class of scalar-tensor theories that
introduce a single scalar field and have at most second-order equations of
motion (see also discussion about beyond-Horndeski models further below).
These can be parameterized through the “alpha” parameterization on linear
scales, where their behavior is well-understood theoretically. This provides a
nested model that covers all Horndeski theories. Initial constraints exist on
some of the alpha parameters, and necessary numerical tools (e.g., Boltz-
mann solvers) exist and are relatively mature.
We also have a secondary set of recommendations, which can be thought of as a
list of the next-highest priority models in line for further study:
1. Bigravity theories, where a second tensor gravitational field is introduced.
These models are closely related to massive gravity theories, where the
graviton is allowed a non-zero mass. Bigravity models have a theoretically-
compelling internal structure. In some of these models, the cosmological con-
stant does not need to be fine-tuned to an extremely small value as in GR.
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2. Non-local gravity theories, that include models with some interesting phys-
ical motivations based upon developing a gravitational equivalent to quan-
tum effective actions. In quantum effective actions, light degrees of freedom
not appearing in external propagators are integrated out, resulting in an ef-
fective action with non-local terms (Maggiore 2016). Non-local gravity mod-
els have also been shown to have a viable Friedmann-Lemaitre-Robertson-
Walker (FLRW) background evolution, stable linear perturbations, and be a
good fit to current observations. Full LSS and CMB analysis tools are avail-
able and N-body simulations are under development by other groups. How-
ever, very recent works have shown that some of the models passing current
cosmological tests do not pass tests from Lunar Laser Ranging, see e.g.,
(Belgacem et al. 2018d).
3. General f (R) theories. While cosmological f (R) models are essentially ruled
out by a no-go theorem and astrophysical constraints, these remain useful for
studies of observable effects on intermediate (galactic/extragalactic) scales
and can serve for testing pipelines and frameworks.
It is worth mentioning for clarification, that our recommendations above are for
specific MG models or classes of models. It is understood that LSST will constrain
MG parameters using the Poisson-slip approaches. Parameterized frameworks
for modified gravity aim to embody the features of an entire family of models in
terms of a few parameters or functions. Horndeski gravity, our top recommendation
above, is effectively a parameterization of scalar-tensor gravity theories. A more
phenomenological parameterization can be developed by allowing multiplicative
modifications to the gravitational Poisson equation and weak lensing potential. This
approach has been widely used to date; its simplicity makes it a useful ‘first step’ in
any model-independent analysis. For completeness, we will discuss this approach
in section 3.
Finally, we make separate recommendations on the models that should be used
for N-body simulations, based on practical considerations such as the availability
of simulation codes and expertise (more than how compelling the theories are).
2.1. Horndeski theories
Overview. —The Horndeski class of models represents the most general modifica-
tion of GR that features a single additional scalar field with no more than second-
order derivatives in its equation of motion (Horndeski 1974; Deffayet et al. 2011).
The Horndeski family contains a number of well-known models as sub-classes, in-
cluding quintessence, Brans-Dicke, Galileons, and f (R) theories (de Felice et al.
2011), with yet more models falling into the extended beyond-Horndeski family,
discussed further below. Specific models within the Horndeski class correspond to
choices of four functions of a scalar field and its kinetic term; these functions act as
coefficients of terms in the action, and are often written as ‘Gi’ functions, see Eq. 2
below. At the linearized level, these functions map onto an alternative set of four
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functions of time (equivalently, redshift) that describe certain physical properties of
the theory; this is the ‘α’ parametrization of Bellini & Sawicki (2014).
The Horndeski class is well-explored theoretically: considerations of stability
and the absence of ghosts have been used to derive viability bounds in the space of
alpha parameters (Kennedy et al. 2018; Denissenya & Linder 2018). Three Boltz-
mann codes exist for calculating observables: EFTCAMB, hi CLASS and COOP
(Zumalacarregui et al. 2016; Hu et al. 2014; Raveri et al. 2014; Huang 2016).
hi class is formatted natively in terms of the α parameters; EFTCAMB operates
in an alternative notation used in developing the Effective Field Theory (EFT) ap-
proach to dark energy and modified gravity, but possesses a module to map these
to the familiar αs; COOP likewise possesses functionality for both the α and EFT
notation. A comparison of these Einstein-Boltzmann codes can be found in Bellini
et al. (2018). There have also been some recent observational tests of the Horn-
deski class (Bellini et al. 2016; Kreisch & Komatsu 2017), and further theoretical
work on their conditions for viability and range of validity (see below).
In this section, we give an overview of the Horndeski class of models and the
current constraints on these models. We begin by giving the motivation for the
Horndeski models and some brief notes on extensions of the original Horndeski
family. We then describe the current observational constraints on these theories,
and recent theoretical developments which can potentially narrow down the space
of viable models. The final sections contain information on the main equations
governing these models and how these translate to linear perturbation theory.
2.1.1. Motivation and extensions
Motivation. —Lovelock’s theorem gives a short list of conditions that GR, uniquely,
satisfies (Lovelock 1971; Clifton et al. 2012). One can classify MG theories ac-
cording to which of these conditions they break. One of these conditions is that the
only active gravitational degrees of freedom are the two spin-2 excitations of the
GR metric. Horndeski theories are the most general class of theories that break
this condition by adding a single extra scalar field (and therefore an extra gravi-
tational degree of freedom), whilst maintaining second-order equations of motion,
and without breaking other conditions (e.g., allowing higher-order derivatives, extra
dimensions, or a non-local action). The majority of ‘dark energy’ models in the lit-
erature fall within the Horndeski class, making them the most broadly studied class
of theories.
Certain subclasses of Horndeski theories have compelling properties, such as
the ability to self-accelerate and the presence of screening mechanisms that allow
them to pass Solar System tests. Arguably, almost all self-accelerating Horndeski
models need finely-tuned parameter values in order to explain cosmic acceleration
(see section 1). However, this does not necessarily deprecate their value. The
more realistic hope is that, were a modified gravity theory to be shown to be ob-
servationally preferred, the new developments in physics it triggers would (in time)
explain these parameter values in a more natural way. For the present, modified
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gravity theories such as the Horndeski family can be considered as toy models ex-
hibiting a range of gravitational phenomena that cosmology experiments like LSST
can probe.
Extended models. —It was shown in some recent studies (Zumalacrregui & Garca-
Bellido 2014; Gleyzes et al. 2015b,a; Crisostomi et al. 2016, 2017) that single
scalar-tensor theories can be extended beyond Horndeski models. These ex-
tended models have equations of motion that have higher order derivatives, but due
to internal constraints they remain immune from Ostrogradski instabilities (modes
that decay to infinitely negative energies, a generic pathology of higher-derivative
theories (Woodard 2007)) . In fact, this subclass of Lagrangians, dubbed ‘Be-
yond Horndeski’, can be mapped onto regular Horndeski Lagrangians by a disfor-
mal transformation2– hence it must be the case that they retain only second-order
equations of motion. The Beyond Horndeski extensions are described by an ad-
ditional two Gi functions at the action level, though these collapse to only one
additional α parameter (αH, see §2.1.4) at the linearized level.
Further study of the structures leading to degeneracy conditions allowed Lan-
glois & Noui (2016a,b) to find a yet more general class of models called Deriva-
tive Higher Order Scalar-Tensor (DHOST). Again, due to the degeneracy relations
in their Lagrangian, DHOST models are ghost-free despite having higher order
derivative equations of motion. DHOST models have been discussed and classi-
fied further in Crisostomi et al. (2016, 2017); Ben Achour et al. (2016b,a). When
applied to a cosmological spacetime, only one stable DHOST model remains,
which is equivalent to Beyond Horndeski under a conformal transformation.
Beyond Horndeski and DHOST models are subject to the constraints from grav-
itational waves in a manner similar to Horndeski gravity (see our discussion in
§2.1.2.0). However, due to their larger number of Gi functions they do offer a
larger spectrum of models that pass both the GW170817/GRB170817A constraint
on gravitational wave speed, and some astrophysical constraints (Crisostomi et al.
2017). Some of these models are able to drive an accelerating universe (Crisos-
tomi & Koyama 2017), although recent work suggests they are generically ruled
out by an instability to graviton decay (see below).
Hence it seems likely that most Beyond Horndeski/DHOST models are non-
viable as cosmological gravity models; the special cases that remain viable share
much of the basic phenomenology of regular Horndeski gravity. Hence, for the
present, we will focus our efforts on testing the standard Horndeski family, for which
computational and theoretical tools are better-developed. We flag these extensions
of Horndeski as interesting avenues to pursue at a later stage of LSST, if possible.
2.1.2. Observational effects and status
2 A generalization of a conformal transformation involving a scalar field, written schematically as
g¯µν = C(φ, X)gµν + D(φ, X)∇µφ∇νφ (1)
where C and D are arbitrary functions of the scalar fieldφ and its kinetic term X = −∇muφ∇µφ/2.
Regular conformal transformations are the special case D = 0, C = C(φ).
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Horndeski theories generically modify the background expansion (parametrized
by the effective equation of state of dark energy, w(z)), the growth rate of mat-
ter perturbations, the lensing potential, and the propagation speed of gravitational
waves. There are also significant effects on non-linear scales; in some members
of the Horndeski class, there may exist a ‘screened’ region (i.e., where devia-
tions from GR are suppressed) on small scales. We here describe how Horndeski
models modify the background evolution and evolution of perturbations in the uni-
verse. We also summarize the constraints placed on these theories by gravitational
waves. As we explain, there are still interesting regions of parameter space that
LSST will probe.
Background. —The range of functional forms for w(z) in Horndeski gravity is deter-
mined by the Gi Lagrangian functions, as shown in Eqs. 5-7 below. In principle,
these same Gi functions control the perturbative dynamics of the theory. However,
the α-parameterization of Horndeski described above separates out the behaviour
of linear perturbations from the background expansion. Operationally this is con-
venient, since it allows one to more or less arbitrarily choose a function (such as
H(z) or w(z)) that describes the background expansion rate, and constrain the αi
separately from this. Some specific subclasses of Horndeski may have stronger
restrictions on w(z), e.g., quintessence models, which have w ≥ −1.
While modifications in the perturbative sector do have some dependence on the
choice of w(z), most effects survive even if one sets w = −1. In other words, in the
α-parameterization, one can have a background expansion that is fully consistent
with ΛCDM, but growth rate and lensing potential predictions that are different. As
such, current constraints on w(z) are not particularly constraining for Horndeski
models. However, if in the future we find w 6= −1, this can rule out certain sub-
classes of Horndeski.
Subhorizon linear scales. —The effects of Horndeski theories on matter perturba-
tions can be somewhat more complicated. If perturbations of the scalar field are
sufficiently slowly-varying (i.e., varying on time scales of order the Hubble rate,
H), and one concentrates only on sub-horizon distance scales (the quasi-static
limit), then relatively simple expressions can be found for the effects on growth and
lensing. These are often parametrized as effective Newton’s constants for these
two phenomena, Gmatter and Glight, or related parametrizations (e.g., the µ and Σ
parameters) at the level of the Poisson and lensing equations. Checks of the qua-
sistatic approximation have been performed for several theories (Noller et al. 2014;
Sawicki & Bellini 2015a; Bose et al. 2015; Burrage et al. 2017; Lagos et al. 2018);
thus far, it has always been found to be an excellent approximation on the scales of
current galaxy surveys (with the possible exception of void interiors (Barreira et al.
2015b; Winther & Ferreira 2015; Baker et al. 2018)).
In the quasi-static limit, the Gmatter and Glight corresponding to Horndeski theo-
ries take the form of a ratio of polynomials of wavenumber, multiplied by functions
of time (Amendola et al. 2013; Silvestri et al. 2013). However, forecast studies have
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indicated that the scale-dependence of Gmatter and Glight is generically difficult to
detect, unless the mass of the scalar field is very different from the Hubble scale
(see, e.g., Baker et al. 2014). Hence, under moderate assumptions, it is common
to approximate Gmatter(a) and Glight(a) as pure functions of time redshift; their re-
lation to the Horndeski α parameters is discussed below. Various combinations
of these functions have been constrained observationally, typically with strong as-
sumptions about the functional forms of the parameters (Zhao et al. 2010a; Daniel
& Linder 2010; Simpson et al. 2013; Joudaki et al. 2017; Ferte´ et al. 2017; DES
Collaboration et al. 2018a). We do not see these constraints as binding for the
general Horndeski class, since they are made using these very particular choices
of functional form.
Ultra-large scales. —Some modifications allowed within the Horndeski class are
only testable on those very large scales on which the quasi-static approximation
is not valid (specifically, when studying scales comparable to or larger than the
sound horizon of the scalar Sawicki & Bellini (2015b)). For example, non-zero
values of the Horndeski kineticity parameter,αK, typically only have effects outside
the quasi-static limit. Boltzmann codes that solve the full system of linear evolution
equations exist (e.g., the aforementioned hi CLASS, EFTCAMB, and COOP) and
can calculate predictions for observables outside the quasi-static limit. The full
linear theory expressions are given in Appendix A.
Non-linear scales. —Several subclasses of Horndeski theories exhibit screening
mechanisms, which are strongly non-linear effects that cause beyond-GR phe-
nomena to be strongly suppressed in certain environments, generally correspond-
ing to regions of high density. This allows these theories to evade Solar System
and binary pulsar constraints on GR, which are otherwise extremely tight. Several
different screening mechanisms are known – Chameleon screening, Symmetron
screening, the Dilaton mechanism, K-mouflage and Vainshtein screening. Strong
astrophysical constraints exist on models that exhibit Chameleon and Symmetron
screening (Burrage & Sakstein 2017), and so most of these models are essentially
excluded observationally. This includes the popular Hu and Sawicki f (R) model.
Note that the relationship between Horndeski theories on large scales and
screening on small scales is not always clear in the general case (i.e., outside
specific, well-defined subclasses). Constraints on small scales cannot always be
clearly translated to constraints on the parameterizations. There are also seri-
ous unresolved conceptual issues surrounding Vainshtein screening. Its highly
non-linear nature has made calculations very difficult except in a small number of
idealized cases; thus, it is unclear how well the mechanism works in dynamical
situations and non-spherical matter distributions. It is known to break down (i.e.,
allowing deviations from GR to manifest) in the interior of some matter sources
(Crisostomi & Koyama 2018; Beltra´n Jime´nez et al. 2016).
Nevertheless, a number of N-body codes exist that make specific predictions
for phenomena on quasi-linear and non-linear cosmological scales, including ef-
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fects due to screening. To date, these require a specific model to be specified from
within a given subclass of Horndeski. However, simulations have been performed
for a significant number of examples of such models3. This has given us a good
idea of what sort of phenomena we could expect on mildly non-linear scales for
some of these theories. It has not yet been possible to build a simulation code
that is able to make predictions for any model within the general Horndeski class
(see section 2.5). Thus, simulation efforts remain subclass-dependent at present.
These model-specific simulations have been used to interpret observations of as-
trophysical systems, such as dwarf galaxies and cluster dynamics, which have put
meaningful constraints on some subclasses of Horndeski theories; see Winther
et al. (2015) for a comparison of the main model-specific codes.
Gravitational waves. —The recent simultaneous detection of gravitational waves
(hereafter GWs) and electromagnetic radiation from a binary neutron star merger
has put extremely stringent constraints on the propagation speed of gravitational
waves, cT (Baker et al. 2017; Ezquiaga & Zumalaca´rregui 2017; Creminelli &
Vernizzi 2017; Sakstein & Jain 2017; Ezquiaga & Zumalaca´rregui 2018). Since
one of the Horndeski α parameters controls GW speed as c2T = 1 +αT, these
events have major implications for sectors of the Horndeski family. Essentially, any
subclass that predicts αT 6= 0 is now strongly constrained. At the level of the Gi
Lagrangian functions, the standard interpretation is that G5 = 0 and G4 can only
be a function of φ (i.e., a conformal factor multiplying the Einstein-Hilbert term).
There are a few exceptional ‘loophole’ cases that evade these constraints, but they
are generally considered to be very fine-tuned (see Baker et al. (2017) for details).
Some popular Horndeski subclasses – such as Gauss-Bonnet gravity and the
quartic and quintic Galileons4 – are therefore ruled out, unless the above fine-
tuning is performed. Other subclasses – including quintessence, Brans-Dicke,
and Kinetic Gravity Braiding models – predict αT = 0 anyway, and so are not
constrained by the gravitational wave observations. While several of the surviving
model classes are in some sense ‘minimal’ modifications to GR (e.g., quintessence
is just a minimally-coupled scalar field, with no couplings to the matter sector be-
yond the standard gravitational interaction), models with interesting phenomenol-
ogy do remain viable. These include models with non-universal couplings to
baryons and dark matter, models with very slowly evolving scalar fields (which
naturally leads to a suppressed value of αT, (Baker et al. 2017)), models in which
the sound horizon is less than the Hubble scale such as k-essence, and models
with intrinsic mass scales much larger than the Hubble scale5. Not all of these
surviving models are able to accelerate the background expansion rate without
a cosmological constant. Note, however, that surviving, self-accelerating models
3 Simulations we are aware of are: f (R) gravity (several models), cubic and quartic galileons,
DGP and nDGP, symmetron (several models), chameleon (several models), dilaton (several
models), non-local gravity, Brans-Dicke gravity, disformal scalar-tensor theories, and coupled
quintessence.
4 Note that the cubic Galileon, though consistent with GW observations, is in strong tension with
other observables (Renk et al. 2017).
5 One can achieve αT  1 by making φ˙2  m2, where m is a characteristic mass scale in-
troduced by the MG model (typically m ∼ H0) and φ has been normalized so that it is dimen-
sionless. Hence the equality is satisfied by either very slowly-evolving fields and/or m  H0 (see
https://www.novelprobes.org/living-review-1 for further discussion).
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do exist within the Beyond Horndeski/DHOST extension (with some fine-tuning)
(Crisostomi & Koyama 2017).
Theoretical developments in the aftermath of GW170817 —The events surrounding
the binary neutron star merger sparked a wave of wider investigations into the
behaviour of gravitational waves in modified gravity theories, and in particular in
Beyond Horndeski theories and DHOST. Aside from the primary constraint on cT
described above, we describe here two more subtle realisations that have emerged
(note that this is not an exhaustive list):
i) Cut-off scales for Horndeski. It is important to remember that Horndeski
gravity and its extensions are low-energy effective theories, constructed to affect
cosmological scales. This means that at some higher energy scale we should ex-
pect new operators, not already present in the Horndeski Lagrangian, to become
relevant, and cause our EFT to break down. The authors of de Rham & Melville
(2018) have pointed out that the frequency of GW170817 at merger (∼ 100 Hz)
lies close to the energy scale where this might be expected to occur for Horn-
deski gravity. Furthermore, if Horndeski gravity is to be the low-energy limit of a
Lorentz-invariant UV-complete theory, it must acquire new operators that cause it
to asymptote as cT → 1 at high energies.
It is therefore possible for a Horndeski model which superficially appears ruled
out (according to the arguments of the previous subsection), to actually be compat-
ible with the observations of GW170817, whilst substantially affecting cosmological
scales. Ultimately, the relevant cut-off scale depends on the specifics of a given
model, so we cannot make general statements here; a concrete example is pro-
vided in de Rham & Melville (2018). Similar conclusions were reached through a
different line of reasoning in Battye et al. (2018).
ii) Graviton Decay. Recent work by Creminelli et al. (2018) studied scenarios
in which a graviton (γ) is able to decay into fluctuations of the Horndeski scalar
field (pi), via the channels γ → pipi and/or γ → piγ. The authors found that the
necessary operators exist (and indeed, the decay rates are generically large) in
theories involving the Horndeski G4,X and G5 derivative operators, as well as the
Beyond Horndeski F4 and F5 operators. The former two operators are already
constrained (subject to the caveat of i) above) by the bounds on cT. However, this
result further implies that virtually all of the Beyond Horndeski parameter space
spanned by {F4, F5} is also ruled out, by the simple fact that GWs reach us at all
without completely decaying to pi . One exception to this argument is theories which
have the sound speed of the scalar field equal to unity, c2S = 1; for these models no
decay occurs. At present, the relation between this graviton-based calculation and
classical gravitational waves is yet to be fleshed out. Assuming the conclusions
remain unchanged for classical waves, these results could potentially eliminate the
majority of extended Horndeski models.
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2.1.3. Action and background equations
This section gives a short summary of the equations describing the Horndeski
class of models. This will serve as a reference for the interested reader. Note that
the parameterizations we recommend implementing are described in later sec-
tions.
Full linear theory expressions exist for the Horndeski class in its full generality.
Two key resources for linear perturbation theory in Horndeski are Bellini & Sawicki
(2014) and Gleyzes et al. (2014). The former was the first work to present the
Horndeski α parameters (see below) (notation which was later implemented in
the hi Class Boltzmann code). The latter contains an extension to a fifth ‘beyond
Horndeski’ parameter, αH, and an extension to non-pressureless matter.
In the notation of Bellini & Sawicki (2014), the Lagrangian for Horndeski gravity
is
S=
∫
d4x
√−g [ 5∑
i=2
Li + Lm[gµν]
]
, (2)
L2=K(φ, X) ,
L3=−G3(φ, X)2φ ,
L4=G4(φ, X)R+ G4X(φ, X)
[
(2φ)2 −φ;µνφ;µν
]
,
L5=G5(φ, X)Gµνφ;µν − 16G5X(φ, X)
[
(2φ)3 + 2φ;µνφ;ναφ;αµ − 3φ;µνφ;µν2φ
]
,
where X ≡ − 12∇µφ∇µφ, and G4X ≡ dG4/dX. We see that there are four Gi
functions in this action; the function K is alternatively named G2 by some authors (K
stands for ‘kinetic’, since this part of the Lagrangian contains the standard kinetic
term of the scalar field). The Gi quantify the amplitude of successively higher-
derivative contributions to the Horndeski Langrangian; yet, the structure of the
Lagrangians is such that the resulting field equations contain at most second-order
derivatives.
The Friedmann equations are obtained from this action in the standard way.
Unusually, though, one finds that the Planck mass appearing in these equations
is replaced by an effective Planck mass that potentially evolves with time. This
effective Planck mass is given by:
M2∗ ≡ 2
(
G4 − 2XG4X + XG5φ − φ˙HXG5X
)
, (3)
where φ here is the homogeneous value of the scalar field (i.e., φ = φ¯). From the
above expression one defines the parameter αM as the effective Planck mass run
rate:
αM ≡ H−1 d ln M
2∗
dt
. (4)
This α parameter is one of a set that we will introduce shortly. The Friedmann
equations containing M2∗ are (where dots denote derivatives with respect to physi-
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cal time):
3H2 =
1
M2∗
[ρm + E ] (5)
2H˙ + 3H2 = − 1
M2∗
[pm +P ]
Here ρm and pm are respectively the energy density and pressure of matter, and
the effective energy density and pressure of the Horndeski sector are:
E ≡−K+ 2X (KX − G3φ) + 6φ˙H (XG3X − G4φ − 2XG4φX) (6)
+12H2X (G4X + 2XG4XX − G5φ − XG5φX) + 4φ˙H3X (G5X + XG5XX) ,
P=K− 2X (G3φ − 2G4φφ) + 4φ˙H (G4φ − 2XG4φX + XG5φφ) (7)
−M2∗αBH
φ¨
φ˙
− 4H2X2G5φX + 2φ˙H3XG5X .
Note that the expression for P features one further α parameter, αB (see below).
As we discussed above, a common approach is to simply parameterize the dark
energy equation of state in the usual way, wX = P/E ; in this case the detailed form
of the above expressions is not needed.
Note that ρm obeys its usual conservation law, but the quantity (ρm/M2∗) does
not, due to the time-dependence of the denominator. Some Einstein-Boltzmann
solvers are natively coded to evolve (ρm/M2∗), so some care is needed. Either the
code must be rewritten to operate in terms of ρm, or a modified matter conservation
equation must be used (see eqs.3.9 of Bellini & Sawicki (2014)).
2.1.4. Linear perturbations
Here we describe the main parameterizations that we recommend for imple-
mentation.
Alpha parametrization. —We will take our definition of the perturbed line element in
the conformal Newtonian gauge to be:
ds2 = − (1 + 2Ψ) dt2 + a(t)2 (1− 2Φ) dxidxi (8)
The full set of linearized field equations for Horndeski gravity are given in the
Appendix. They feature five important quantities identified as the α parameters.
These α parameters are essentially linear combinations of the Gi functions that
appear ‘natively’ in the Horndeski action, plus their derivatives with respect to φ
and its kinetic term (and factors of H, φ˙, etc.). They were selected as useful quan-
tities to work with because they are easier to interpret in terms of physical effects;
in some sense, they are more closely connected to observables than the original
Gi.
We have met the Planck mass run rate parameter αM already, in eqs.(3) and
(4). The remaining αs are:
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• αB, the braiding parameter: non-zero values of this parameter create an in-
teraction between the kinetic terms of the scalar field and the metric. This
results in second derivatives of the metric perturbation appearing in the equa-
tion of motion for the scalar field, and vice-versa. It also potentially introduces
a ‘braiding scale’ into the gravitational field equations, where the dynamics
of field perturbations undergo a qualitative change. This does not necessar-
ily lead to scale-dependent behaviour in observables, though, if the braiding
scale is very close to the cosmological horizon.
• αK, the kineticity parameter: A canonical scalar field has kinetic term X,
so the more general function K(φ, X) can be thought of as a generalization
of the kinetic energy of the scalar field perturbations. For a quintessence
model with w 6= −1, this is the only non-zero α parameter. Large values of
αK suppress the sound speed of the scalar perturbations. Notably, αK only
impacts ultra-large scale modes of cosmological perturbation theory; it drops
out of the relevant quasi-static expressions. For this reason, analyses to date
have marginalized over or fixed αK, rather than attempt to constrain it.
• αT, the tensor speed excess parameter: non-zero values of this parameter
indicate that tensor perturbations of the metric (gravitational waves) propagate
at a speed different from the GR prediction of c. Their speed is instead given
by c2T = c
2(1+αT), whereαT can be either positive or negative6. Non-zeroαT
also contributes to effective anisotropic stress, causing the metric potentials
Φ and Ψ to differ. As described above, the binary neutron star merger event
GW170817 and its electromagnetic counterparts have ascertained the bound
|αT| . 10−12 (the bound can be tightened by three orders of magnitude under
less conservative assumptions).
• There is also a fifth α parameter, the ‘Beyond Horndeski’ parameter αH.
Non-zero values of αH indicate that there exist equivalent Lagrangians for a
single theory, which are related to each other by disformal transformations
(the generalization of a conformal transformation – see the introduction of this
section for a brief explanation). In these equivalent theories, the derivatives
G4X and G5X that appear in the fourth and fifth lines of eq.2 are replaced
by more general functions. In other words, the relationship between the two
terms in each of L4 and L5 is broken. In the case of αH = 0, the form of eq.2
is recovered.
The relation of αH to the Gi functions is more complex than those given be-
low; see Gleyzes et al. (2014) for full details. We recommend that the initial
LSST constraints on modified gravity hold the αH parameter fixed to zero, as
i) cases with αH 6= 0 are not supported in the current public release of the
hi Class code, ii) the principal known effects of αH are on stellar structure,
6 Negative values of αT are also constrained for some energy ranges by a lack of observed
gravi-Cherenkov radiation Moore & Nelson (2001).
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and not cosmological-scale observables (Sakstein 2015a,b), and iii) the re-
cent results of Creminelli et al. (2018) suggest that most theories with αH 6= 0
are disfavored by graviton decay.
We anticipate that LSST tests of Horndeski gravity will focus on constraining the
first four α parameters, as this is the framework implemented in the hi Class code.
However, it is often useful to relate the αs to the native Gi functions, in order to
understand consequent implications for the structure of the Horndeski Lagrangian.
We give these relations for αB, αK and αT here; the equivalent for αM was given in
Eqns. 3 & 4 above.
H2M2∗αK = 2X (KX + 2XKXX − 2G3φ − 2XG3φX) + (9)
+ 12φ˙XH (G3X + XG3XX − 3G4φX − 2XG4φXX) +
+ 12XH2
(
G4X + 8XG4XX + 4X2G4XXX
)
−
− 12XH2
(
G5φ + 5XG5φX + 2X2G5φXX
)
+
+ 4φ˙XH3
(
3G5X + 7XG5XX + 2X2G5XXX
)
HM2∗αB = 2φ˙ (XG3X − G4φ − 2XG4φX) + (10)
+ 8XH (G4X + 2XG4XX − G5φ − XG5φX) +
+ 2φ˙XH2 (3G5X + 2XG5XX)
M2∗αT = 2X
(
2G4X − 2G5φ −
(
φ¨− φ˙H)G5X) (11)
Note that certain works in the literature may use slightly different defintions of the
α parameters (e.g., which differ by a constant factor). As an example use of these
expressions, the result from the gravitational wave event GW170817 αT ' 0 trans-
lates into implications for the Lagrangian terms L4 and L5 (see, e.g., Baker et al.
2017).
Quasi-static limit —As described above, on linear sub-horizon scales the full modi-
fied Einstein equations can be mapped onto a simplified form. This simplified form
consists of two functions of time and scale; one of these represents an effective
modification to the gravitational Poisson equation:
−2k
2
a2
Ψ = 8piGeff(z)ρmδm (12)
= 8piGN
(
M2P
M2∗
)
[1 +µ(z)]ρmδm (13)
i.e.
Geff(z)
GN
=
(
M2P
M2∗
)
[1 +µ(z)] (14)
and Ψ = ΨGR
(
M2P
M2∗
)
[1 +µ(z)] (15)
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Note also the factors of
(
M2P
M2∗
)
: these are necessary to account for modifications to
the effective Planck mass in the Horndeski Lagrangian.
The second quasi-static function can be chosen as either the ratio of the two
metric potentials (often called the gravitational slip) or as a modification to the
lensing potential. Since both are in common use, we will show here how the three
are related. The slip parameter is defined as γ(z) = Φ/Ψ, whilst the lensing
function Σ(z) relates the lensing potential (sometimes called the Weyl potential) to
the GR potential by:
−k
2
a2
[Φ+ Ψ] = 8piGN
(
M2P
M2∗
)
[1 + Σ(z)]ρmδm (16)
= −k
2
a2
ΨGR
(
M2P
M2∗
)
2[1 + Σ(z)] (17)
in the absence of anisotropic shear. Note the factor 2 above, such that the GR limit
is Σ = 0.
The relation between Σ, µ and γ is found as follows (using eqs.15 and 17):
(Φ+ Ψ) = Ψ [1 +γ(z)] (18)
= ΨGR
(
M2P
M2∗
)
[1 +µ(z)] [1 +γ(z)] (19)
⇒ Σ(z) = 1
2
{µ(z) [1 +γ(z)] +γ(z)− 1} (20)
It is important to note that, the way we have defined things here, the ratio
(
M2P
M2∗
)
does not appear in the definitions of µ and Σ; however, it must be included in
implementations of eqs.(13) and (16) if αM 6= 0. More details on general model-
independent measurements of µ and Σ will be given in Section 3.1.
Two methods of taking the quasistatic limit have been used in the literature,
which only agree in the extreme k → ∞ limit. It is now generally agreed that the
correct method is as follows: combine the full set of linearized field equations to
eliminate variables, until one is left only with matter sources and one gravitational
degree of freedom (this is usually chosen to be Φ). Set any terms containing
time derivatives of the degree of freedom to zero (e.g., Φ˙ = Φ¨ = 0). The resulting
expression relatesΦ to the matter density perturbation, and hence can be rewritten
in the form of eq.(12). Bellini & Sawicki (2014) shows some steps of this derivation.
In what follows, we will define the useful quantity:
A = −αB
2
(1 +αT) +αT −αM (21)
The resulting form for µ(z) is given in terms of the α parameters by:
µ(z) =
αT
2
+
2A2
αc2s
(22)
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where α and c2s are:
α = αK +
3
2
α2B (23)
c2s = −
(2−αB)
[
H˙ − (αM −αT)H2 − H2αB/2(1 +αT)
]
− Hα˙B + (ρm + pm)/M2∗
H2α
(24)
Similarly, the slip parameter obtained via this method is:
γk→∞(z) = α c2s −αBA
α c2s (1 +αT) + 2A2
(25)
Note thatαK does not feature in either Eqn. 22 or 25 (it drops out of the combination
αc2s ), and hence is (effectively) impossible to constrain with data on quasi-static
scales. As explained above, αH has been set to zero in the above expressions.
Using the above expressions and Eqn. 20, Σk→∞(z) can be straightforwardly found
as:
Σk→∞(z) = αT
2
+
A (A−αB/2)
α c2s
(26)
Current constraints on Geff, γ and/or Σ can be found in (for example) Planck Col-
laboration et al. (2016); Joudaki et al. (2018); DES Collaboration et al. (2018b);
see also Section 3.1.
2.1.5. Parameters and prior ranges
There is no unique, well-defined way of specifying the functional forms that the
α functions should take. One could take a series expansion of the α functions, but
it is not clear that this is sensible – as can be seen from Eqs. 9-11, the α func-
tions map in a complicated way onto the Lagrangian Gi functions, so choosing a
series expansion for one set of functions will correspond to a much more compli-
cated functional form for the other set. It is unclear whether one should prefer the
functions in the action (Gi-functions), or the functions that parameterize physical
properties (the α-functions) to be chosen simply.
There are several common choices of functional form for the α parameters in
the literature, which do have broadly desirable properties. However, these choices
have been broadly motivated by their simplicity, rather than their physical meaning.
These are:
αi(z) = αi,0 ΩDE(z) (27)
αi(z) = αi,0 aγi (28)
where ΩDE(z) = 8piGρDE(z)/3H2(z) and αi,0 = αi(z = 0). The form of Eq. 27
has the advantage of decaying to zero at high redshift, meaning that the GR limit is
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recovered in the early Universe. This is reasonable if one expects modified gravity
effects to be purely late-time phenomena. Eqn. (28) also has this behavior, but the
rapidity with which MG effects switch on can be tuned by changing the exponent,
γi. It is normal to assume that all of theα functions follow the same functional form,
although additional parameters (like γi) might differ from oneα function to another.
Discussion of the choices of functional ansatz for the α parameters can be found
in Linder (2017); Gleyzes (2017).
Given the difficulty of settling on a functional parametrization for theα functions,
it is reasonable to consider ‘non-parametric’ approaches, such as representing the
α functions as a series of narrow top-hat bins of unknown amplitude. This is more
agnostic in a sense, but has the problem of introducing potentially many more de-
grees of freedom, which we may find ourselves to be be unable to constrain with
any appreciable precision. One should also note that the parametrization issue
has not been completely sidestepped here either – when one comes to constrain
the top-hat amplitudes, some choice will need to be made for the prior distribu-
tion on these parameters. Since they map nonlinearly to observables, a uniform
prior would be informative, and so will potentially bias the results. Without more
physically-motivated choices for the functional forms of the α parameters, or at
least sensible priors on their smoothness or other properties, we are therefore sus-
ceptible to some degree of arbitrariness in our analysis. We expect that community
best practice with regards to the choice of functional form of the α parameters will
evolve prior to the analysis of LSST data; we recommend the choice of functional
form which offers the most information while avoiding bias. Further work is needed
to determine the precise optimal choice.
2.2. Bigravity theories
Historical overview. —Attempts to build a consistent theory of a massive graviton
began almost a century ago, with the seminal work of Pauli and Fierz in the 1930s.
They derived the unique, consistent, classical theory of a massive spin-2 field in
flat space-time. Crucially, they realized that a particular sign appearing in the mass
term of the spin-2 field was key to the consistency of the theory: flipping this sign
caused the theory to propagate a ghostly scalar mode. This was the first hint of
an eighty-year battle to construct a ghost-free full theory (i.e., not just linear) of a
massive graviton.
The Fierz-Pauli Lagrangian lay largely neglected until the 1970s, when van
Dam, Veltman and Zakharov realized that, when matter sources are present, the
Fierz-Pauli theory does not reduce to GR as the mass of the graviton is taken
to zero (van Dam & Veltman 1970; Zakharov 1970). Instead the zero-mass limit
of the theory predicted drastic modifications to gravitational lensing that were al-
ready ruled out by observations, even at that time. Given that the Fierz-Pauli La-
grangian was believed to be unique, the lensing catastrophe seemed to rule out
any viable theory of a massive spin-2 Lagrangian. The strength of this implica-
tion prompted Vainshtein to question the derivation of the so-called ‘vDVZ discon-
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tinuity’. Vainshtein realized that, in fact, a scalar mode of the massive graviton
becomes strongly coupled at radii close to a matter source (Vainshtein 1972). At
distances smaller that the Vainshtein radius, rV, one needs to calculate using a full
nonlinear completion of the theory. This rescued the viability of a massive gravity
theory, at least until a complete Lagrangian could be found.
Boulware and Deser tackled the problem immediately, although they returned
a negative result. Their claim – that once again, any nonlinear extension of the
Fierz-Pauli Lagrangian was doomed to suffer a ghost (Boulware & Deser 1972) –
stifled work on the theory for the next forty years. Only with the discovery of cosmic
acceleration did interest in extensions of GR become strong enough to prompt a
reanalysis of the Boulware-Deser ghost.
Initially via a somewhat circuitous route, de Rham, Gabadadze & Tolley (dRGT
de Rham et al. (2011)) were able to construct a full theory of a massive graviton
that they showed was ghost-free in a particular limit of the energy scales involved,
called the decoupling limit. The dRGT massive gravity model employed a second
metric that was fixed to be Minkowskian. This was quickly generalised to be an
arbitrary, but fixed metric fµν. Hassan & Rosen finally found a way to give the f -
metric dynamical behaviour of its own (Hassan & Rosen 2012), whilst remaining
ghost-free: bigravity was born.
Motivation. —Nearly all modified gravity models involve the introduction of new de-
grees of freedom. We have numerous models that obtain these from spin-0 or
spin-1 fields, so it is natural that the spin-2 picture should likewise be explored.
Moreover, one could qualitatively argue that spin-2 fields are natural candidates for
dark energy, since i) we know that GR itself is formulated in terms of a spin-2 field,
hence they are intimately connected with gravity, and ii) we lack a renormalisable
quantum theory of spin-2 fields. The immensely successful Standard Model of par-
ticle physics is based on quantum field theories of spin-0, spin-1/2 and spin-1 par-
ticles; so any dark energy field from those families would need to preserve existing
bounds related to the Standard Model (spin measurements can be inferred from
the angular correlations of decay products (Kilic et al. 2007)). Spin-2 field theories
are less well-explored and hence potentially less subject to current constraints.
Bigravity theories are constructed using a fully dynamical tensor field fµν, which
interacts with the regular spacetime metric gµν. The coupling between the two
tensor fields is given by a specific set of interaction terms based on elementary
symmetric polynomials (see section 2.2.2 below). In fact, this is one place where
Boulware and Deser went astray in their initial claim that a massive graviton theory
could never be ghost-free: they assumed the interaction potentials to lie within a
class of functional forms that does not include the elementary symmetric polyno-
mials.
Bigravity propagates seven degrees of freedom (hereafter d.o.f), which is the
correct total for a theory of one massless (2 d.o.f.) and one massive (5 d.o.f.) spin-2
fields. Whilst there has been some work on developing Lorentz-violating theories,
in this document we adhere to those that preserve Lorentz invariance. The theory
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can accommodate an isotropic and homogenous expanding background solution
(unlike massive gravity with a fixed auxiliary metric). Parts of its parameter space
can give rise to self-accelerating solutions without a cosmological constant, though
these have some caveats that we discuss below. For a review of bigravity theories,
see Schmidt-May & von Strauss (2016).
2.2.1. Observational effects and status
While there is a reasonably extensive theoretical literature on dRGT theory and
bigravity, a definitive comparison with the complete cosmological data is still lack-
ing; as yet there has been no calibrated and tested implementation in Einstein-
Boltzman solvers which can then be used for parameter estimation. This relative
immaturity of the theory must be taken into account when selecting models to pri-
orities for the LSST Beyond-w(z)CDM analysis.
As we will explain in the following subsections, we know that it is possible for
bigravity models to give rise to self-accelerated cosmologies; however, very large
portions of the initially promising parameter space are ruled out by the existence of
pathologies (instabilities or ghost modes) for linear perturbations of the model. It
has been qualitatively argued that higher-order corrections may turn out to soften
these growing modes or cure instabilities, but no concrete proof of this has ap-
peared to date.
Despite this rather pessimistic status, bigravity retains two particularly appeal-
ing features. Firstly, as mentioned above, it was one of few models to be almost
unaffected by the observations of the binary neutron star merger GW170817 (with
the exception of the sub-case of doubly coupled bigravity, see Akrami et al. (2018)).
The presence of a massive graviton should cause the group velocity of gravitational
waves to differ from c, and hence the theory should be subject to constraint from
the measured 1.74 seconds delay in the arrival of the GW and EM counterparts of
GW170817. In practice the bound obtained in this way – mg < 10−22eV – is not
competitive with bounds already in existence. The tightest of these comes from lu-
nar laser ranging experiments, and bounds mg < 10−32 eV. A detailed compendium
of bounds on the graviton mass can be found in de Rham et al. (2017).
The second appealing feature of bigravity is that it displays Vainshtein screen-
ing, similar to the Galileon family of models. This property means that at a radius
approaching massive sources – the Vainshtein radius, rv – the interactions of the
scalar degree of freedom are suppressed, and hence it should return to a regime
similar to GR. Qualitatively, as one nears the matter source, elements of the ki-
netic matrix of the theory become large; after canonically renormalising, all terms
in the Lagrangian are effectively divided by these large values. This means that
the coupling of the scalar d.o.f. to matter sources is correspondingly suppressed.
Note that the Vainshtein radius is distinct from (and larger than) the cut-off scale,
at which the theory becomes unpredictive. Further discussion of the Vainshtein
mechanism, in both Galileons and bigravity, can be found in Babichev & Crisos-
tomi (2013); Babichev & Deffayet (2013); Joyce et al. (2015).
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Although no N-body simulations for bigravity exist, the effects of Vainshtein
screening on large-scale structure have been studied through simulations of
Galileon gravity and DGP gravity (Schmidt 2009; Barreira et al. 2015a, 2013,
2015a; Falck et al. 2018; Paillas et al. 2018). More recently, it has been re-
alised that Vainshtein screening becomes ineffective in time-dependent systems
(Beltra´n Jime´nez et al. 2016), and that this may yield testable predictions for bi-
nary systems in some bigravity models (Akrami et al. 2018).
2.2.2. Action and background equations
In this subsection and the next we present the key background and linearized
equations for ghost-free bigravity. The expressions here are taken from Lagos &
Ferreira (2014). The action for massive bigravity is:
S =
M2g
2
∫
d4x
√−gR(g)+ M2f
2
∫
d4x
√− f R( f )−m2M2g ∫ d4x√−g 4∑
n=0
βnen
(√
g−1 f
)
+ Sm.
(29)
Here gµν and fµν are two dynamical metric fields, and R(g) and R( f ) are their
associated Ricci scalars (kinetic terms). Mg is the regular Planck mass, whilst
M f is the effective Planck mass of the f metric. m is an additional mass scale
of the theory. In what follows, we will frequently see the appearance of the ratio
M2∗ ≡ M2f /M2g. The action also contains a regular matter action, Sm, which couples
only to the spacetime metric gµν.
In addition, this action contains interactions between both metrics that preserve
general covariance, and are expressed in terms of the functions en
(√
g−1 f
)
.
These correspond to the elementary symmetric polynomials7 of the eigenvalues
λn of the matrix
√
g−1 f , which satisfies
√
g−1 f
√
g−1 f = gµλ fλν. The βn are free
dimensionless coefficients.
The ensuing equations of motion for gµν and fµν are:
R(g)µν − 12gµνR(g) +
m2
2
3
∑
n=0
(−1)nβn
[
gµλYλ(n)ν
(√
g−1 f
)
+ gνλYλ(n)µ
(√
g−1 f
)]
=
Tµν
M2g
,
(31)
R( f )µν − 12 fµνR( f ) +
m2
2M2∗
3
∑
n=0
(−1)nβ4−n
[
fµλYλ(n)ν
(√
f−1g
)
+ fνλYλ(n)µ
(√
f−1g
)]
= 0,
(32)
7 The elementary symmetric polynomials in n variables X1, . . . , Xn are denoted ek(X1, . . . Xn) for
k = 0, 1, . . . , n, and are defined by
ek(X1, . . . Xn) = ∑
1≤ j1<...< jk≤n
X j1 . . . X jn (30)
with ek(X1, . . . Xn) = 0 for k > n.
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where Tµν is the matter stress-energy tensor, and the matrices Yλ(n)µ(X) are de-
fined as:
Y(0) =I,
Y(1) =X− I[X],
Y(2) =X2 −X[X] +
1
2
I
(
[X]2 − [X2]
)
,
Y(3) =X3 −X2[X] +
1
2
X
(
[X]2 − [X2]
)
− 1
6
I
(
[X]3 − 3[X][X2] + 2[X3]
)
, (33)
where I is the identity matrix and [X] stands for the trace of the matrix X. We
also have local conservation of energy-momentum: ∇µgTµν = 0, where ∇µg is the
covariant derivative with respect to the metric gµν.
We will assume that both metrics are homogeneous, isotropic and flat:
ds2f = Y(τ)
2[−X(τ)2dτ2 + δi jdxidx j], (34)
ds2g = a(τ)
2[−dτ2 + δi jdxidx j], (35)
where τ is the conformal time, a(τ) is the scale factor of the space-time metric, and
X(τ) with Y(τ) describe the evolution of the metric fµν. Taking the matter sector
to be a perfect fluid with energy density ρ0 and homogeneous pressure p0, we find
the following equations of motion (which are analogous to the FRW equations in
GR):
H2 = a
2
3
[
ρ0
M2g
+m2
(
β0 + 3β1N + 3β2N2 +β3N3
)]
, (36)
H′ = a
2
2
[
− p0
M2g
− H
2
a2
+m2
(
β0 +β1N [2 + X] +β2N2 [1 + 2X] +β3N3X
)]
,
(37)
h2 =
a2
3
(
X2
N
)
ν2
(
β1 + 3β2N + 3β3N2 +β4N3
)
, (38)
h′ = a
2
2
[
2
a2
hxh− h
2
a2
+
(
X
N
)
ν2
(
β1 +β2N[2 + X] +β3N2[1 + 2X] +β4N3X
)]
,
(39)
where it is implicit that all variables depend only on τ , all primes represent con-
formal time derivatives, and we have defined H = a′/a, h = Y′/Y, hx = X′/X,
ν = m/M∗, and N = Y/a. Note that the parameter M∗ is redundant, as we can
rescale the metric fµν to make M∗ take any value we want and redefine βs such
that the action remains invariant. For simplicity, from now on we will use M∗ = 1.
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Classes of solutions —From the Bianchi constraint8, one has
(XH− h)
(
β1 + 2β2N +β3N2
)
= 0, (40)
which leads to two possible classes of solutions: a trivial GR+Λ class, and a class
with separate expanding and bouncing branches.
The first class satisfies
(
β1 + 2β2N +β3N2
)
= 0. This case leads to a constant
N = N¯, such that H = h, and the Friedmann equation becomes:
H2 = a
2
3
[
ρ0
M2g
+Λ
]
; Λ = m2
(
β0 + 3β1N¯ + 3β2N¯2 +β3N¯3
)
, (41)
which corresponds to general relativity with a cosmological constant. In this case,
interactions between the perturbations of the g and f metrics vanish.
The second class satisfies (XH− h) = 0. This constraint can be used to find
the following consistency equation:
ρ˜ ≡ ρ∗
m2
=
β1
N
+ 3β2 −β0 + 3N(β3 −β1) + N2(β4 − 3β2)− N3β3; ρ∗ = ρ0/M2g ,
(42)
which relates N and the density ρ0. For a standard equation of state p0 = wρ0
(with w constant), according to eq. (42), at late times (ρ˜  1), N will approach a
constant value, and both metrics enter an accelerated de-Sitter phase. However, at
early times (ρ˜  1), two types of behaviours can be identified: one where N  1
(and β1 6= 0) and another where N  1. The branch characterized by N  1 at
early times will be called expanding branch, as in this case both metrics expand
with time (note that Koennig et al. (2014) refer to this as the infinite branch). While
the branch characterized by N  1 will be called the bouncing branch, as in this
case gµν expands but fµν bounces.
2.2.3. Linear perturbations
Here we present the equations corresponding to the second branch of solutions
above (since the first branch effectively reduces to ΛCDM). Define the perturbed
metrics:
ds2f = Y
2[−X2(1 + 2φ1)dτ2 + 2B1,iXdxidτ + [(1− 2ψ1)δi j + 2E1,i j]dxidx j], (43)
ds2g = a
2[−(1 + 2φ2)dτ2 + 2B2,idxidτ + [(1− 2ψ2)δi j + 2E2,i j]dxidx j], (44)
where ds2f and ds
2
g are the line elements for the metrics fµν and gµν respectively.
We read from here that we have four scalar perturbation fields for each metric: φ1,
B1, E1,ψ1 for fµν andφ2, B2, E2,ψ2 for gµν, plus one further scalar χ that describes
8 The Bianchi constraint is obtained from the vanishing of the covariant derivative of the Einstein
tensor, i.e., ∇µGµν = 0. This enforces that the sum of the remaining terms in the field equa-
tion vanishes under a covariant derivative (NB: terms may not vanish individually). The algebraic
expression for this vanishing is the Bianchi constraint.
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perturbations of the perfect fluid (Mukhanov et al. 1992). We can set two of these
variables to zero as a gauge choice. Using the Noether Identities approach (see
Lagos et al. (2014) and Lagos & Ferreira (2014) for details), one learns that a
sensible choice of gauge is to set ψ1 = χ = 0. The equation of motions for the
seven remaining fields are, in Fourier space:
2H
(
3ψ′2 + k2E′2
)
+
(
(1 + w)ρ∗(3ψ2 + k2E2) +m2NZ(3ψ2 + k2(E2 − E1))
)
a2
+ 2
(
ψ2k2 +H(3φ2H− k2B2)
)
= 0, (45)
2(X+ 1)ψ′2 + 2H(X+ 1)φ2 −m2ZN(XB1 − B2) + (1 + w)ρ∗(1 + X)B2 = 0,
(46)
2(k2E
′′
2 + 3ψ
′′
2) + 2H(3φ′2 + 6ψ′2 + 2k2E′2)− 2k2B′2 + 3Za2m2N(φ1 +φ2)X
+ a2
(
−3(1 + w)ρ∗(2φ2 + w(3ψ2 + k2E2)) + 2Nm2(−3φ2Z+ (3ψ2 + k2(E2 − E1))Z˜)
)
+ 2(9H2 − k2)φ2 + 2k2(ψ2 − 2HB2) = 0, (47)
E
′′
2 − B′2 + 2HE′2 + (E2 − E1)a2m2NZ˜−φ2 − 2HB2 +ψ2 = 0, (48)
2Nhk2E′1 − a2ν2Z(k2E2 − k2E1 + 3ψ2)X2 − 2Nhk2B1X+ 6φ1h2N = 0, (49)
2hφ1N(X+ 1) + ν2Xa2Z(XB1 − B2) = 0, (50)
NXE
′′
1 − N(−2Xh+ X′)E′1 − X2
(
B′1N + Nφ1X+ 2NB1h+ ν2a2Z˜(E2 − E1)
)
= 0,
(51)
where we have defined Z = β1 + 2β2N +β3N2, Z˜ = β1 +β2N(1 + X) +β3N2X.
We have omitted the explicit dependence of variables, but it should be clear that
the perturbation fields depend on the conformal time τ and the wavenumber k.
From eqs.(45)-(51) we can see that the variables B1, B2, φ1 and φ2 never ap-
pear differentiated. This means that they are auxiliary variables, and hence can
be eliminated in favour of E1, E2 and ψ2. Carrying out this exercise, one finds that
ψ2 also becomes an auxiliary variable. As a result, one reduces the system of
equations down to just two true dynamical variables, E1 and E2. These both obey
equations of the form:
E
′′
a + cabE
′
b + dabEb = 0, (52)
where {a, b} can take the values {1, 2}. The coefficients cab and dab depend on k,
H, a and N = Y/a, and can be found in the appendix of Lagos & Ferreira (2014).
A similar analysis can be performed for vector and tensor perturbations about
the homogeneous metrics of eqs.(34) and (35). The result is that the vector per-
turbations propagate three degrees of freedom, and the tensor sector propagates
two d.o.f. Combined with the two scalar d.o.f.s this leads to a total of 2+3+2 =7
which, as explained above, is the correct number for a bigravity model.
Sub-horizon limit —Recall that the class of background solutions we have chosen to
investigate here has two branches: one in which the f -metric expands along with
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the g-metric, and one in which it undergoes a bounce. The authors of Lagos & Fer-
reira (2014) explored the solutions of eq.(52) and its vector and tensor equivalents,
on both the expanding and bouncing branches, at early and late times, and on both
super- and sub-horizon scales. We summarise their principal findings here.
The key result of their analysis was that on the expanding branch of solutions,
the scalar perturbation E1 suffers exponential growth on sub-horizon scales in both
the radiation-dominated and matter-dominated eras. This represents a serious
viability issue for the expanding branch of solutions, as exponential growth would
rapidly cause metric perturbations to exit the linear regime and potentially impact
structure formation. Furthermore, since the growth is exponential (rather than, say,
power-law growth), it requires an extreme degree of fine-tuning of initial conditions
to avoid this outcome. It is just possible that terms from higher-order perturbations
conspire to prevent the exponential growth, but no concrete examples of this have
been found.
One may then look to the bouncing branch for a more viable cosmological so-
lution. Indeed, the bouncing branch does have a viable scalar sector of pertur-
bations, but only under the condition β2 = β3 = 0 in the bigravity action (eq.29);
all other cases suffer an early-time subhorizon instability, similar to the expanding
branch. Furthermore, although the linear scalar sector is free of instabilities under
β2 = β3 = 0, it does not satisfy the Higuchi bound9 that guarantees the ghost-
freeness of the theory beyond the classical, linear regime. Hence the theory could
still propagate ghost modes at perturbative orders beyond linear.
Under the restriction β2 = β3 = 0, the vector and tensor sectors of the theory
are found to possess power-law growing modes for certain parts of the remaining
parameter space. These are not as damaging for the viability of the theory as
exponentially growing modes, but further restrictions must be placed upon initial
conditions and parameters of the model to ensure these growing modes do not
harm the viability of the theory (Amendola et al. 2015).
2.2.4. Parameters and prior ranges
The parameter space to be constrained is that spanned by the βi, where i
ranges from 0 to 4. In particular, the parameterβ0 acts like a cosmological constant
for the regular metric, whilst β4 can be interpreted as a cosmological constant for
the f -metric. In this regard, then, there is a particular interest in finding viable
models with β0 = 0, as potential technically natural solutions to the cosmological
constant problem. At the same time, models with β0 6= 0 and very small or zero
values for the other parameters should be expected to provide a reasonable fit to
data.
As we have seen above, on the bouncing branch the absence of exponential
instabilities in the scalar sector enforces β2 = β3 = 0. The remaining parameter
space of {β0,β1,β4} has been initially explored by Koennig et al. (2014), who
find two classes of viable models, one with β0 6= 0 and one with β0 = 0. The
9 The condition to have positive kinetic terms only in the action, see Appendix B of Lagos &
Ferreira (2014).
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latter of these they dub ‘Infinite Branch Bigravity’ (recall that their ‘infinite’ branch
is equivalent to our ‘bouncing’ branch here). Since β0 is effectively a cosmological
constant for the g-metric, the authors focus on the infinite branch (β0 = 0) in order
to study a self-accelerating gravity model. They place some simple constraints
on this model using supernovae and growth rate data from the 6dFGS, BOSS,
WiggleZ and VIPERS surveys.
They employ the quasi-static limit (with careful attention paid to the stability of
the perturbations) to reduce the theory to a modified gravitational strength (which
they denote Y) and a slip parameter (η). For early times these tend to Y = 4/3 and
η = 1/2, and hence they do not reduce to the standard ΛCDM values. The authors
combined constraints on the βi parameters are presented as β1 = 0.48+0.05−0.16 and
β4 = 0.94+0.11−0.51, with a best-fit value of ΩM0 = 0.16
+0.02
−0.03 and an equation of state
w(z) ' −0.79 + 0.21z/(1 + z).
2.3. Non-local gravity theories
Another way of modifying GR is to allow for the modified theory to have non-
local terms. This non-locality was introduced using different arguments based on
quantum field theory grounds as in, for example, Deser & Woodard (2007, 2019)
and Maggiore & Mancarella (2014); Dirian et al. (2014); Belgacem et al. (2018c,a).
In the latter, it was argued that while the action of gravity is local, the corresponding
quantum effective action, that includes the effect of quantum fluctuations, is non-
local. It is acknowledged there that these non-localities are understood at ultra-
violet scales but not at the infra-red ones where they can have some contributions
to gravity at cosmological scales.
Such non-locality can be built phenomenologically using terms in the action of
the form 2−1R where 2 is the D’Alembertian. In Fourier space, 2 ∼ k2 ∼ 1/λ2,
where λ is the wavelength; this means these terms are significant on large scales
with accompanying cosmological effects. To have some general insight into what
2−1 means, we need to think of it as the inverse operator of 2, i.e., the Green
function for 2. This means that
2−1R ∼
∫
d4x′G(x, x′)R(x′). (53)
The operation requires an integral over some volume of spacetime and is thus non-
local. The question of the boundary of integration in such models is discussed in,
e.g., Belgacem et al. (2018c,a).
Motivation —While this type of MG models received less attention when they were
introduced some time ago, they have gained more popularity in the last decade
because some of the recent models can exhibit cosmic acceleration without a cos-
mological constant, fit well cosmological observations, and are, in principle, indis-
tinguishable from GR at small scales, i.e., galactic or planetary. The idea that non-
local gravity might be a possible alternative to dark energy/cosmological constant
was proposed by Deser & Woodard (2007); see further discussions in Woodard
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(2014). It was suggested there that, not only would it play a role on large scales, it
might also explain the “timing” problem since the non-local corrections only come
into play after radiation-matter equality. It turns out that the time dependence of the
correction part is logarithmic in the matter era and leads to accelerated expansion
today. The Deser-Woodard model contains a function f (2−1R) that can be math-
ematically tuned to mimic the background evolution of LCDM while, in principle,
vanishing on small scales so the theory reduces to GR. The more recent models by
Maggiore and collaborators, see e.g., Maggiore & Mancarella (2014); Dirian et al.
(2015); Belgacem et al. (2018c) are different from those of Deser and Woodard as
they involve a mass scale parameter associated with the non-local terms. These
models make some predictions that make them close to the LCDM model but still
distinguishable from it. The mass scale is associated with a late-time effective dark
energy density driving cosmic acceleration. The authors recognize the difficulty to
derive the form of the non-local terms from a fundamental quantum field theory
approach. Therefore they use a phenomenological approach strategy by investi-
gating what desirable effects such terms must have on cosmological scales. Once
such terms are found, one would go back to the more difficult problem of trying to
derive this non-local term from fundamental grounds. Additionally, it was argued
in (Belgacem et al. 2018c) that some of their models could have some specific
predictions for the neutrino sector and reduce significantly some recent tensions
between local and Planck measurements of the Hubble constant. Some extended
discussions of non-local gravity that exhibit cosmic acceleration can be found in,
e.g., Woodard (2014); Belgacem et al. (2018c); Koivisto (2008).
2.3.1. Observational effects and status
It turned out to be a non-trivial task to find non-local term that will: (1) be-
have like an effective dynamical dark energy producing an accelerated expansion
without a cosmological constant, (2) have a well-behaved stable cosmological per-
turbation theory, and (3) fit well cosmological and astrophysical observations at the
background level and the perturbation level in a competitive way compared to the
LCDM model.
The model from the proposal by Deser & Woodard (2007) that can mimic the
LCDM background expansion is found to exhibit a weaker linear growth rate of
large scale structure (LSS) and a stronger lensing power compared to the LCDM;
see for example Amendola et al. (2019). As for comparisions to the data, after
some debate in Park & Dodelson (2013); Nersisyan et al. (2017); Park (2017), it
was confirmed that the model is in agreement with LSS data. Most recently, Amen-
dola et al. (2019) compared extensively the model to supernova, Planck CMB and
redshift space distortion (RSD). They found that the model fits Planck CMB spectra
and lensing data with a value of σ8 that is significantly smaller than the one for the
LCDM and similarly for the values of fσ8 when redshift space distortion (RSD) data
is added. It was found though that the model selection analysis only weakly favors
32
LCDM over the non-local model. The authors highlight the importance of future
lensing and galaxy clustering data in discriminating between the two models.
Next, Maggiore & Mancarella (2014); Belgacem et al. (2018c); Dirian et al.
(2015); Maggiore (2014) proposed a few models that exhibit an interesting phe-
nomenology and fit current cosmological data. They refer to one of their models
as the RR-model which is based on using twice the Ricci scalar in the non-local
action, i.e., m2R 1
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R, and a second model referred to as the RT-model which is
based on using the Ricci scalar in the non-local part of the field equations and
extracting its transverse part, i.e., (gµν2−1g R)T.
Nesseris & Tsujikawa (2014) have studied the cosmological perturbations of
the RT-model and showed that it can provide statistically comparable fits to the
CMB, BAO, SNIa and growth rate data as when the LCDM model is used. A
similar extensive study for the RR-model has been worked out by Dirian et al.
(2015); Belgacem et al. (2018c) including comparison to CMB, SNa, and BAO. It
was found that the model is consistent with much of the existing cosmological data
set and provides competitive fits to the data compared to the LCDM. However,
when the RSD growth factor data, fσ8, is added to the data sets, they find that the
LCDM model fits the data marginally better.
While non-local models seem to have some success at the level of the cos-
mological data sets, it was very recently found that the RR as well as the original
Deser-Woodward models do not pass tests from Lunar Laser Ranging (LLR) that
constrain tightly time variation in Newton constant, so they are essentially ruled out
(Belgacem et al. 2018d). It remains open whether the Deser and Woodward model
could have some physical screening mechanism to circumvent such a constraint,
see comments in Amendola et al. (2019).
However, Belgacem et al. (2018d) find that the RT non-local model is not ruled
out by the LLR bound. Also, Deser & Woodard (2019) proposed an improved
version of their non-local model with no-clear discussion yet of whether they pass
the lunar ranging bounds.
Gravitational waves. —Finally, it was shown in Belgacem et al. (2018c,b,d); Amen-
dola et al. (2019) that gravitational waves in the RR, RT, and Deser-Woodard mod-
els travel at the speed of light so the models pass the test of the binary neutron
star merger GW170817 GW signal and its corresponding GRB 170817A electro-
magnetic signal.
2.3.2. Field and background equations
The field equations for the RT model are given by
Gµν − (1/3)m2
(
gµν2−1g R
)T
= 8piG Tµν , (54)
where m is a mass parameter and the factor 1/3 is a normalization convenient in
the 3-dimensional space.
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One can rewrite the field equations by defining an auxiliary field U given by
U = −2−1R , (55)
and a symmetric tensor
Sµν = −Ugµν = gµν 2−1R, (56)
which can be decomposed as
Sµν = STµν +
1
2
(∇µSν +∇νSµ) (57)
with∇µSTµν = 0.
The non-local field equation (54) can now be rewritten as (Maggiore 2014)
Gνµ +
m2
3
[
Uδνµ +
1
2
(∇µSν +∇νSµ)
]
=8piGTµν , (58)
−gU=R, (59)
∇ν (∇µSν +∇νSµ)=−2∂µU . (60)
where eq. (60) has been obtained by taking the divergence of eq. (57).
Maggiore (2014) discussed the background evolution of this model in some
detail. He used x ≡ ln a(t), a prime to denote df /dx and h = H/H0. He introduced
the variable
Y = U − S˙0 (61)
where S0 is the t-component of Sµ. The spatial 3-vector Si vanishes since there is
no preferred spatial direction in an FLRW model.
The field equations give then the Friedmann equation
h2(x) = ΩMe−3x +ΩRe−4x +γY(x) , (62)
where
γ ≡ m2/(9H20) , (63)
and an effective DE density can be defined as
ρDE(t) ≡ ρ0γY(x) , (64)
with ρ0 = 3H20/(8piG).
The evolution of the variable Y(x) is given by the coupled system
Y′′ + (3−ζ)Y′ − 3(1 +ζ)Y = 3U′ − 3(1 +ζ)U , (65)
U′′ + (3 +ζ)U′ = 6(2 +ζ) , (66)
ζ(x) ≡ h
′
h
= − 3ΩMe
−3x + 4ΩRe−4x −γY′
2(ΩMe−3x +ΩRe−4x +γY)
. (67)
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Next, one can define a DE equation of state from the continuity equation
ρ˙DE + 3(1 + wDE)HρDE = 0 . (68)
which can be written as
wDE(x) = −1− Y
′(x)
3Y(x)
(69)
by use of ρ˙ = Hρ′.
2.3.3. Linear perturbations
Nesseris & Tsujikawa (2014) and Dirian et al. (2014) worked out linear pertur-
bations for the RT model in the Newtonian gauge with line element
ds2 = −(1 + 2Ψ)dt2 + a2(t)(1 + 2Φ)δi jdxidx j . (70)
For the scalar sector, they expanded the auxiliary fields as
U = U¯ + δU , Sµ = S¯µ + δSµ . (71)
In the isotropic FLRW background, the value S¯i vanishes but the perturbation δSi
is a dynamical variable. Thus the scalar perturbations in this model are given by
Ψ,Φ, δU, δS0 and δS. The perturbed field equations are given in the appendix as
well as their effective fluid representation.
Sub-horizon limit —For Fourier modes well inside the horizon and relevant to LSS
observations (i.e the large-kˆ limit in eqs. (B31)–(B33)) from the appendix, one gets
δU = 2Ψ+ 4Φ while δV = O(1/kˆ2) and δZ = O(1/kˆ2).
Therefore, from eq. (B27) one gets for sub-horizon modes (Dirian et al. 2014),
Geff
G
= 1 +O
(
1
kˆ2
)
. (72)
This result is consistent with the findings of Nesseris & Tsujikawa (2014).
(Dirian et al. 2014) showed using full numerical integration that Ge f f (z; k)/G
for large kˆ is equal to one with great accuracy making the model compatible with
galactic and solar tests such as the Lunar Laser Ranging, unlike the RR model.
2.3.4. Parameters and prior ranges
The viable RT non-local model contains the same parameters as the standard
flat ΛCDM model except for the derived parameter, ΩΛ, which is replaced by an-
other derived parameter that is the mass parameter m. This parameter appears in
the field equations and is embedded into the γ parameter appearing in the modi-
fied Friedmann equation. It plays the role of an effective dark energy responsible
for cosmic acceleration. So, comparing these models to observations requires
changes in the background and growth equations, but does not require additional
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parameters compared to the standard model. It was found in Maggiore (2014) that
the RT model effective dynamical dark energy can be matched to the observed
value ΩDE ' 0.68 by tuning the mass m by setting m ' 0.67H0. Once m is
fixed, the model predicts a dark energy equation of state of a phantom type with
w0 ' −1.04 and wa ' −0.02 (Maggiore 2014), which is consistent with the Planck
data.
Cosmological studies of this RT model can be found in Nesseris & Tsujikawa
(2014) where the authors compared them to CMB, BAO, SNIa and growth rate
data. They found them statistically comparable to the LCDM model.
2.4. General f (R) theories
Models that involve higher powers of the Ricci scalar have been around almost
as long as General Relativity (Weyl 1918). The most popular classification of these
are known as f (R)-theories. They have been used as alternative ways of explain-
ing the early-time acceleration already back in the seventies and eighties (Clifton
et al. 2012), and recently as possible explanations for the late-time acceleration.
The basic idea is to extend the Einstein-Hilbert action, which is linear in the Ricci
scalar(R), to depend on a more general function of R. This leads to fourth-order
field equations. The generalization is obtained from a Lagrangian density of the
form:
L = √−g f (R) (73)
It is the simplest higher-order generalization to the Einstein-Hilbert density that
is possible. For a more complete overview, see e.g., De Felice & Tsujikawa (2010);
Clifton et al. (2012); Burrage & Sakstein (2017); Lombriser (2014).
Although they are practically excluded by no-go theorems and observational
constraints, the reason to include f (R) theories in our set of prioritised models is
that they are so well-tested, and a wide range of both linear codes and N-body sim-
ulations can already produce mock data for these types of models. In general, we
include f (R) models mainly to ensure that we have a simple and testable beyond-
ΛCDM model that we can easily compare results and constraints from LSST to.
2.4.1. Observational effects and status
Several different observational probes have been used to constrain f (R) mod-
els. Primordial nucleosynthesis has been used to constrain the value of fR in the
radiation epoch, and hence limits the number of starting points for the evolution of
fR throughout later periods. Other probes that constrain f (R) are looking at the
growth of density perturbations in a flat universe. Both the matter power spectrum
of the CMB and LSS can be used to put constraints of f (R), Clifton et al. (2012).
Solar system probes and Dwarf galaxies have also been used for probing f (R)
and have found very tight constraints, see Burrage & Sakstein (2017); Lombriser
(2014). f (R) models in general are using Chameleon screening and it has been
shown in Wang et al. (2012) that these types of theories can’t produce sufficient
self-acceleration to explain the observed cosmic acceleration.
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2.4.2. Action and background equations
There is in fact more than one way to approach describing the action for f (R)
theories (Clifton et al. 2012). One can take the metric variational approach, use
the Palatini procedure, or the metric-affine approach. The last leads to an action
of the form of:
S =
∫
dΩ
√−g (R+ f (R)) + Sm (gµν , Γµνσ ,Ψ) (74)
where Sm is the matter action of GR. Meanwhile the zeroth order Friedmann equa-
tions for the conformal Newtonian gauge can be found to be:
H2 =
1
3 fR
[
8piρ− 1
2
( f − R fR)− 3H ˙fR
]
− κ
a2
(75)
H˙ = − 1
2 fR
(
8piρ+ 8piP+ f¨R − H ˙fR
)
+
κ
a2
. (76)
Alternatively, one can cast f (R) as a special case of Horndeski, and its α
parametrization. We will start with the form of the action commonly used for such
models as well as the corresponding background equations derived from it, before
showing the connection to the α parametrization. In the Einstein frame, such an
action takes the form Hu & Sawicki (2007):
S =
∫
d4x
√−g [R+ f (R)
2κ2
+ Lm
]
, (77)
with Lm being the matter sector Lagrangian, κ2 = M−2p = 8piG and with the func-
tion f (R) now redefined (not to be confused with the one in equation (74)). Varia-
tion of this action gives the system of the modified Einstein equations for this class
Hu & Sawicki (2007):
Gµν + fRRµν −
(
f (R)
2
−2 fR
)
gµν −∇µ∇ν fR = κ2Tµν , (78)
where by fR we denote the derivative with respect to the Ricci scalar R, fR =
df (R)
dR .
Taking the 0th order perturbations, in the quasi-static limit, leads us to the corre-
sponding background equation, the modified Friedmann equation (Hu & Sawicki
2007):
H2 − fR
(
HH′ + H2
)
+
1
6
f (R) + H2 fRRR′ =
m2ρ
3
, (79)
where R = 12H2 + 6HH′ and ′ is used to denote dd ln a . It is worth noticing at
this point that in the limit that f (R) becomes a constant, the above equations
reduce to the familiar set describing a ΛCDM evolution. Any well-defined f (R)
function contains in principle enough freedom to mimic the expansion history by
any value of w, as desired, which implies that studying the linearized perturbations
is necessary to break the degeneracy with ΛCDM, which we will do in the following
section.
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2.4.3. Linear perturbations
Since linearized f (R) theories fall within the Horndeski class, they can be
treated using the formalism in Section 2.1.4. In terms of the α parametrization
and as pointed out in Bellini & Sawicki (2014), metric f (R) theories correspond to
αK = αT = 0 and −αB = αM = B H˙H2 , where B is a useful parameter defined as:
B =
fRR
1 + fR
R′ H
H′
, (80)
with f (R) defined as in equation (77). As shown previously, in the quasi-static limit
and for sub-horizon scales, the linear perturbations in the Newtonian gauge are
given by
−2k
2
a2
Ψ = 8piGeff(z)ρmδm = −2k
2
a2
ΨGR × Geff(z)GN (81)
and
−k
2
a2
(Φ+ Ψ) = −k
2
a2
ΨGR2× [1 + Σ(z)] . (82)
Under the simplifications introduced by the vanishing of αK and αT, and the fact
that αM = −αB in this class, we get that:
Gk→∞eff (z)
GN
=
(
M2P
M2∗
)(
1 +
α2M
2α c2s
)
(83)
Using eq.(14), this corresponds to µ(z) = α2M/2α c
2
s . From eq.(26) we also find:
Σk→∞(z) = 0 (84)
For these models, we have that:
α c2s = −
(2 +αM)
[
H˙ − H2αM2
]
+ Hα˙M +
ρm+pm
M2∗
H2
. (85)
2.4.4. Parameters and prior ranges
Among the current models we have the following that attempt to avoid many of
the short-comings given by the simpler models.
Starobinsky (2007):
f (R) = R−µRc
[
1−
(
1 +
R2
R2c
)−n]
. (86)
Hu & Sawicki (2007): This model is by far the most popular and best studied
f (R) model in the literature, that has been simulated by a variety of N-body codes
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Winther et al. (2015). It is characterized by a broken power-law function of the form
f (R) = −m2
c1
(
R
m2
)n
c2
(
R
m2
)n
+ 1
, (87)
where m2 = κ
2ρm
3 and c1, c2 and n are free parameters. The number of free pa-
rameters can be further reduced since, in order to match the ΛCDM expansion
history, we should have c1c2 = 6
ΩΛ
Ωm
. In addition, evaluated at z = 0, the scalaron fR
becomes
fR0 = − c1c22
(
12
Ωm
− 9
)−n−1
, (88)
which means that the model can be fully characterized by specifying the values of
n and | fR0|, which is the most common parametrization of this subclass. The lin-
earized perturbations in the Newtonian gauge give the modified system of Poisson
and Klein-Gordon equations Zhao et al. (2011):
−k
2
a2
Ψ = 4piGδρm +
1
2
k2
a2
δ fR (89)
and (
k2 + a2µ2
)
δ fR =
8piG
3
a2δρm, (90)
with µ being a characteristic mass given by
µ =
−m2
(
a−3 + 4ΩΛΩm
)
(n+ 1)| fR0|
(
a−3 + 4ΩΛΩm
1 + 4ΩΛΩm
)
1
2
. (91)
The above system of equations is, as expected, a special case of equation (81)
that is general for all f (R) models.
Appleby & Battye (2007):
f (R) = Rc log
[
e−µ +
(
1− e−µ) e−R/Rc] . (92)
2.5. N-body simulations for Beyond w(z)CDM models
There is much knowledge to be learned from studying the non-linear evolution
of the universe. Deviations from GR on linear scales are now quite tightly con-
strained, forcing a viable appearance of new gravitational physics to take place
predominantly in the non-linear regime.
Given the difficulty of solving the relevant equations, non-linear evolution is best
examined via N-body simulations. However, there is a series of challenges con-
nected to simulating ‘Beyond w(z)CDM’ theories in N-body simulations. At present
we lack a unique way to connect linearized parameterizations of MG theories to a
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non-linear counterpart parameterization. Constructing parameterizations for non-
linear scales has proved difficult, and no established solution exists at the time of
writing. Even if such a formalism is developed in future, the mapping between lin-
ear and non-linear parameters is unlikely to be one-to-one. That is, theories with
different non-linear behaviours could match onto the same set of linear parame-
ters. Because of this issue, it will be challenging to make consistent MG linear +
quasi-linear/non-linear predictions like we can for GR+ΛCDM.
Other challenges are the non-locality or non-linearity of some modified gravity
models, which prevent approximations normally used in N-body simulations from
being feasible. Furthermore, evolution of the extra fields present in nearly all MG
theories means that more processing time per timestep is needed, and results in
an increased memory load.
We choose to strike a balance between investing in new simulations that match
our prioritised MG models, and using existing expertise and publicly-available sim-
ulation codes. Some existing codes, though they may simulate lower-priority mod-
els (according to the criteria laid out earlier in this document), have interesting
behaviors on non-linear scales, e.g., screening. By looking for generic features of
screening we hope to use them to help develop possible model-independent tests.
2.5.1. Currently available simulations
The latest overview of modified gravity models implemented in N-body simu-
lations comes from the modified gravity code comparison project (Winther et al.
2015) (see references therein for details of individual codes). This shows us that
most codes so far have implemented variations of f (R), symmetron and DGP mod-
els, which are representative examples of the chameleon (and phenomenologically
similar symmetron) and Vainshtein screening mechanisms. The non-linearities
these theories introduce to the Klein-Gordon equation guarantee their phenomeno-
logical viability in the high-density environments, but render their N-body simula-
tions more computationally expensive compared to their ΛCDM counterparts. As
a result, besides the exact simulations mentioned above, several efficient methods
have been considered in the literature, designed for use in cases where computa-
tional resources are limited.
Such an efficient method is the COLA (COmoving Lagrangian Acceleration) hy-
brid scheme, developed in Tassev et al. (2013) for ΛCDM, which evolves the linear
scales analytically using 2nd order Lagrangian perturbation theory and employs a
full N-body solver only for the smaller scales. The COLA method was extended
to incorporate chameleon and symmetron screening mechanisms in Valogiannis &
Bean (2017), combined with a phenomenological screening implementation, and
was shown to produce accurate and fast results for a wide range of k modes.
Winther et al. (2017) showed that it also works for the Vainshtein mechanism and
in particular the nDGP model. The code used by Winther et al. (2017) is available
to the public.
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2.5.2. Going forward
A simulation of our top-priority model, Horndeski gravity (section 2.1), is highly
desirable for tests of gravity with LSST. Discussions regarding how to best tackle
this considerable task are ongoing within our Beyond w(z)CDM taskforce. At
present, our plan is to start by implementing a framework based on the µ and
Σ parametrization (presented in 3.1). The ultimate goal is to upgrade this to an
implemention of the αi parametrization as described in 2.1.4. That said, even an
implementation of the quasistatic µ and Σ parameters would serve as a useful new
tool for our work. We would of course have to consider how to deal with screening,
most likely we would have to come up with a way to manually turn on a screening
effect at a certain distance.
Ideally, we would like to perform enough N-body simulations that will allow the
creation of an emulator, that effectively interprets over the parameter space (be it
µ and Σ or the αi parameters). Such a task will most likely be very computation-
ally expensive. An alternative is to build a more efficient simulation that applies the
COLA method (see above) to Horndeski gravity, and verify the theoretical accuracy
of this using a reduced number of representative ‘full’ Horndeski simulations. We
could then construct an emulator from the COLA-Horndeski simulations, resulting
in viably efficient software with which to generate predictions, and lower compu-
tational costs. In addition we will use the full N-body simulations of Horndeski
gravity, to create mock-galaxy catalogs that can be used by the entire collaboration
to prepare for the analysis of LSST data.
Well-established simulations of f (R) gravity, one of our second tier prioritised
models, already exists. We will use these to perform a small number of model-
specific tests, targeting the most up-to-date parameter ranges of interest. This will
yield a comparison of the errors achievable in parameterized versus model-specific
tests.
3. Phenomenological parameterizations
Although the main objective of this document is to provide a set of recommen-
dations on specific MG models or classes of MG models, we provide here a brief
discussion of phenomenological parameterization methods. In such approaches,
one considers instead general parameterizations which encompass the behavior
of multiple MG theories. We discuss two common approaches of this type.
3.1. µ and Σ parameterization
The functions µ and Σ have already been introduced in Section 2.1.4 in the
context of the quasistatic limit of Horndeski theories. Alternatively, µ and Σ can be
thought of as a means to parameterize phenomenological modifications to gravity,
wherein µ represents changes from the General Relativistic clustering of matter,
and Σ, deviations from the standard behavior of gravitational lensing (see, e.g.,
DES Collaboration et al. 2018a; Joudaki et al. 2017; Planck Collaboration et al.
2016). In this section we review that approach.
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With the scalar perturbations in Newtonian gauge [eq. (8)], in the sub-horizon
regime the relation between the gravitational potential Φ (the spatial component)
and the matter overdensity in GR is given by a Poisson equation Ma & Bertschinger
(1995)
−k
2
a2
Φ = 4piGNρmδm . (93)
Note that in GR although the Poisson equation is sensitive only to Φ, it is Ψ (the
temporal component) that determines the equation of motion of non-relativistic par-
ticles and hence the growth equation. In the absence of pressure anisotropy we
have Ψ = Φ, so the Poisson equation is often also expressed with Ψ especially at
late times. The combination Ψ+Φ (≡ 2Ψw, where Ψw is called the Weyl potential)
affects the motion of relativistic particles. Many modified gravity theories, such as
the Horndeski family discussed in Sec. 2.1, modify the motion of non-relativistic
and relativistic particles respectively in broadly similar ways. In the quasi-static
limit, such MG effects can be expressed as two modified Poisson equations,
−k
2
a2
Ψ = 4pi(1 +µ)GNρmδm , (94)
−k
2
a2
(Ψ+Φ) = 8pi(1 + Σ)GNρmδm . (95)
Note that, compared to eqs.(13) and (16), here we have taken M∗ = MP for sim-
plicity. Due to the effects of Ψ and the Weyl potential Ψw on non-relativistic and
relativistic particles respectively, we can constrain µ predominantly by the rate of
linear structure growth and Σ by gravitational lensing.10 We follow the convention
of DES Collaboration et al. (2018a) and allow both µ and Σ to vanish in GR.
In general, µ and Σ can be both time- and scale-dependent. It has been shown
that the scale dependence is sub-dominant, at least for near-future surveys (Baker
et al. 2014), therefore it is common to choose for them a scale-independent ansatz
when performing analysis. Choosing a fiducial time-dependence for µ and Σ is less
straightforward. As the parameterization is intended as a general phenomenolog-
ical case to encompass multiple theories, there is no clear choice of functional
form. It is common in current works (see, e.g., Zhao et al. (2010b); Simpson et al.
(2013) and many others), to model µ and Σ as proportional to the fractional en-
ergy density of the effective dark energy component, an ansatz which derives from
the heuristc argument that we expect modifications to gravity in general to become
non-neligible at late times. However, this is just one possible choice, and an active
exploration of more complex or better-suited choices is ongoing in the literature; we
refer the reader to some of the reviews or comparisons of such parameterizations,
see e.g., Daniel et al. (2010); Ishak (2019).
Because of the first modified Poisson equation (94), the equation for the late-
time linear structure growth is changed in this parameterization from its GR coun-
10 Gravitational lensing is affected to a lesser extent by µ as well, via a modified matter power
spectrum; see Eq. (98) later in this section.
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terpart, to read
d
da
(
a3H(a)
dD
da
)
=
3(1 +µ)
2
Ωm(a)aH(a)D , (96)
where D is the growth factor. The above equation reduces to the GR case when
µ = 0. We call the solution of the above equation DMG(a) and the GR solution
DGR(a). Because MG effects are assumed to become important only at late times,
we impose an asymptotic boundary condition DMG(a → 0) = DGR(a → 0) = a.
Note that, by enforcing DMG(a) and DGR(a) to approach a at early times, neither
is normalized to unity today.
In the simple case in which µ is scale-independent, we are in the linear and
quasistatic regime, and MG effects become important only at late times, the MG
matter power spectrum can be related to the GR matter power spectrum via
PMGm (k, a) = P
GR
m (k, a)×
[
DMG(a)
DGR(a)
]2
. (97)
Note that in particular, if the MG effects become important before the growth equa-
tion approximation11 becomes valid, the above treatment would not be correct.
Within the simplified regime described above, the other MG variable Σ does not
affect the linear matter growth, but it affects the magnitude of the Weyl potential.
Therefore, it changes the geodesics of photons and hence lensing effects. For
example, within the Limber approximation, the angular power spectrum of the two-
point cross-correlation between galaxy weak lensing (L) and any other probe (a,
including L) can be written as
CLa` =
2`
2`+ 1
∫ χ∞
0
dχ
χ2
Pm
(
`
χ
, z(χ)
)
∆˜L` (χ)∆˜
a
`(χ) , (98)
where Pm is the matter power spectrum and is PMGm if µ is non-zero. Due to the
modified Poisson equation (95), the function ∆˜L` (χ) in MG reads,
∆˜L` (χ) =
3
2
Ω0mH
2
0
√
(`+ 2)!
(`− 2)!
(1 + Σ)χ
`2
(1 + z(χ))WL(χ) , (99)
where WL is the lensing kernel. Both cosmic shear and CMB lensing, for example,
can be used to constrain Σ.
The parameters of various functional ansatzes for µ and Σ have been con-
strained with existing cosmological data from numerous surveys (see, for example,
Simpson et al. (2013); Joudaki et al. (2017); Planck Collaboration et al. (2018)).
For example, a recent set of constraints which used galaxy clustering and weak
11 The growth equation approximation refers to the situation where the fractional density per-
turbations of cold dark matter and baryons become equal, and the evolution of the total matter
overdensity is captured by the growth factor govern by Eq. (96) (with µ = 0 in GR). In GR, this
approximation becomes valid at times sufficiently later than last scattering, including the time range
of LSS observations.
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lensing measurements from the first year of the Dark Energy Survey in combi-
nation with complementary external data sets found that for µ and Σ ∝ ΩΛ(z),
µ0 = −0.11+0.42−0.46, Σ0 = 0.06+0.08−0.07 (DES Collaboration et al. (2018a)). We note that
in order to effectively constrain µ with LSST, measurements of redshift-space dis-
tortion from contemporaneous spectrosopic galaxy surveys (e.g., the Dark Energy
Spectroscopic Instrument, the 4 Meter Multi-Object Spectroscopic Telescope) will
be helpful in breaking the degeneracy which arises between a scale-independent
µ and the galaxy bias.
3.2. The EG statistic
The use of the µ and Σ parameterization in observational tests of gravity is
predicated on the assumption that the analysis will consist of making constraints
on parameters of these functions. Another approach is to strategically combine
observables into a single statistic in such a way as to null dependence on particular
sources of systematic errors. The most well-explored statistic of this type is called
EG, which is constructed to be independent of galaxy bias.
Originally defined in Zhang et al. (2007), EG combines galaxy-galaxy lensing
and spectroscopic galaxy clustering measurements, including redshift space dis-
tortions, to probe gravity while limiting sensitivity to a linear galaxy bias and the
cosmological parameter σ8. Although it was first defined in Fourier space, a real-
space version of the definition is more commonly used in practice (Reyes et al.
2010):
EG(R) =
Υgm(R)
βΥgg(R)
(100)
where R is projected radial separation, β is the linear growth rate of structure ( f )
divided by the linear galaxy bias, b, and Υgm(R), Υgg(R) are modified versions
of the conventional observables of galaxy-galaxy lensing and galaxy clustering
respectively, altered to limit sensitivity to effects below a certain projected radius.
Because Υgg ∝ b2, Υgm ∝ b and β = f /b, on sufficiently large linear scales, where
galaxy bias is linear, it cancels. It is important to note that this requires that the lens
galaxies used in the galaxy-galaxy lensing measurement are the same population
as used for the galaxy clustering measurement.
Lensing measurements are sensitive to the Weyl potential ΨW = 12(Ψ + Φ),
while the clustering of overdensities is related to Ψ. It can thus be seen schemati-
cally that
EG ∝ Ψ+Φ
Ψ
. (101)
In GR, and at large linear scales, EG is predicted to take the scale-independent
value of ΩM/ f (z), where z is the effective redshift of the spectroscopic galaxy
sample. Measuring EG(R) on large scales thus can act as a consistency check
for GR,and numerous such measurements have been made using available spec-
troscopic samples at multiple redshifts (Reyes et al. 2010; Blake et al. 2016; Alam
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et al. 2017; Amon et al. 2018; Singh et al. 2018), all thus far showing consistency
with GR predictions.
4. Systematic effects and deviations from GR
With increasing statistical power of ongoing and upcoming surveys, cosmolog-
ical constraints have become systematic-error limited. This will certainly be the
case for LSST, which will statistically constrain MG parameters to the percent or
sub-percent level (see for example Ferte´ et al. (2017)). LSST cosmic shear and
galaxy-galaxy lensing measurements will be subject to numerous sources of sys-
tematics effects, including measurement systematics such as point-spread function
(PSF) contamination, shear estimation uncertainties, and uncertainties in photo-
metric redshifts (see, e.g., (Weinberg et al. 2013; Mandelbaum 2018), as well as
modeling systematics such as the intrinsic alignment (IA) of galaxies (see, e.g.,
(Troxel & Ishak 2015; Kirk et al. 2015)), galaxy bias, baryonic effects (see, e.g.,
(Chisari et al. 2018; Huang et al. 2018)) and the modeling of the matter power
spectrum on small (nonlinear) scales. Incomplete or improper treatment of these
systematic effects can bias the inferred cosmological parameters and, in some
cases, can potentially mimic the effect of new fundamental physics, including mod-
ifications to gravity or non-standard dark energy. In the context of constraining or
measuring new fundamental physics, this challenge is compounded by the fact that
astrophysical systematics, including IA, baryonic effects, and the nonlinear matter
power spectrum may be different than in a w(z)CDM universe.
Let us first discuss in detail the systematic effect of IA, as an example to guide
the broader question of systematic effects in tests of beyond w(z)CDM cosmol-
ogy. There are two types of IA that contaminate cosmic shear. The first is due
to the intrinsic ellipticity auto-correlations that are present between close galaxies
that formed in the same tidal gravitational field. These are called the II for the
2-point correlations and III for the 3-point functions. The second type is due to a
correlation/anti-correlation between a galaxy tangentially lensed by a foreground
structure and a galaxy near this lens structure oriented radially towards it (Hirata
& Seljak 2004). These are referred to as gravitational shear - intrinsic elliptic-
ity or the GI for the 2-point correlations and GGI, GII for the analogous 3-point
functions. While II-type correlations can be significantly reduced by removing or
down-weighting nearby pairs of source galaxies (e.g., by considering only cross-bin
pairs), the GI-type cannot be eliminated by such a technique as they are present
at large line-of-sight separations as well.
Failing to account for IA has been shown to bias the accuracy of the dark energy
equation of state parameters by up to 50% (for an LSST-like survey) Bridle & King
(2007); Yao et al. (2017) when cosmic shear is used alone. IA mitigation methods
such as marginalization over IA parameters (Krause et al. 2016; Blazek et al. 2017)
or self-calibration techniques (Zhang 2010; Troxel & Ishak 2012; Yao et al. 2017)
have been shown to be able to remedy to the majority of such biases, but practical
challenges remain in the context of MG (Laszlo et al. 2012; Kirk et al. 2013). IA
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can affect the measured shear power spectra and the strength of the growth of
large scale structure as inferred from these spectra. This change is potentially de-
generate with the effects that deviation from GR can have on the growth and could
mimic MG. Furthermore, intrinsic alignments themselves are a gravitational effect:
galaxy shapes are determined by their local tidal fields and formation histories.
To be fully consistent, we would therefore need to model intrinsic alignments them-
selves within MG. For instance, in the µ and Σ parameterization (Sec. 3.1), µ alters
the Poisson equation for non-relativistic particles and thus will impact IA, while Σ
alters the trajectories of relativistic particles and thus the lensing amplitude. Some
initial work using earlier lensing data from CFHTLenS showed no significant cor-
relations between the amplitude of IA and MG parameters Dossett et al. (2015),
although a limitation to these results was that the IA model assumed w(z)CDM.
Such a correlation remains to be studied using a full MG parameterization and for
more precise surveys such as LSST.
Another significant source of systematic error which is particular to the MG
scenario is uncertainty in modeling the non-linear growth of structure. In GR, we
typically use fitting formulae calibrated from N-body simulations (Smith et al. 2003;
Takahashi et al. 2012) to make theoretical predictions of cosmological observables
at the relatively small scales where non-linear physics is required. Constructing
an equivalent formula for each modified gravity scenario of interest remains a chal-
lange due to the computational investment required, and some of the more general
parameterizations introduced above (e.g., the quasistatic parmeterisation) are only
well-connected with viable theories of gravity at linear scales. A straightforward ap-
proach to reduce biases due to uncertainty in non-linear effects in MG is to enforce
a scale cut based on the estimated fractional error in modeling, e.g., Leonard et al.
(2015). A more precise approach, typically used by current experiments, is to cut
the scales that would bias parameter inference at a given level compared to the
statistical uncertainty – the scales to be cut then depend on the statistical power
of the survey. With LSST, this strategy may require cutting an impractical amount
of data from the analysis. Similar considerations apply to the treatment of bary-
onic effects. If these effects on small scales are “separable” from the impact of
MG, it is possible that the same mitigation approaches used in w(z)CDM analyses
will remain valid (see, e.g., Mead et al. (2016) for a halo model treatment of both
baryonic and MG effects).
However, there is no guarantee of such separability. Complete simulations,
including both modified gravity and baryonic effects, require substantial resources,
likely prohibitive for DESC (see Sec. 2.5) but worth exploration. Indeed, it is worth
noting that for current and planned surveys over half of the signal-to-noise lies
within the non-linear regime. So discarding such scales leads to significant loss
in constraining power and degradation in parameter constraints. It is thus worth
pursing some ongoing efforts and success in simulating Vainshtein or Chameleon
mechanisms using efficient methods such as COLA approaches and emulators as
we discuss in section 2.5.
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Considerable work is still required to better understand nonlinear scales in MG
and to develop methodologies for incorporating these scales in MG analyses in the
presence of astrophysical systematics.
We did not discuss here systematics affecting redshift-space galaxy clustering
since LSST is a photometric redshift survey.
To conclude, we emphasize that careful forecasting must be done for LSST-
DESC analyses in order to assess how these systematic effects will impact con-
straints on MG parameters. The results of such forecasts will provide further guid-
ance on where additional effort is most critical and which regions of MG model
space are most accessible to LSST.
5. Additional information
5.1. Selection process, criteria used and ranking
Table 2 outlines the criteria used in our model selection process. We briefly jus-
tify here why five models are selected as highest priority according to this grading.
It should be stressed, though, that there is an unavoidable element of subjectiv-
ity to this process. As noted in the table caption, a lower score indicates a more
favorable model.
Horndeski: score 2. —The Horndeski family, and by implication its extensions, were
selected as our top priority for Beyond w(z)CDM investigations of LSST. This is
due to their reasonable physical motivation (as the most general theory of a scalar
and a metric with second-order equations of motion). The family of theories is
stable under a few mild restrictions. Patches of viable parameter space remain,
though are reduced in size following the binary merger event GW170817 (assum-
ing no loopholes along the lines of Battye et al. (2018); de Rham & Melville (2018)).
Thanks to the existence of the hi class code (Zumalacarregui et al. 2016), many
observables can already be calculated. There are currently no N-body simulations
of Horndeski, but we see no fundamental reason why this cannot be done in future
(particularly via an emulator approach).
Bigravity: score 4. —Well-motivated as a general, ghost-free theory of a tensor field
interacting with the metric (somewhat akin in spirit to a spin-2 version of Horndeski
above). However, it has become apparent that many parts of the parameter space
are plagued by linear instabilities, either in the scalar or tensor sectors (see section
2.2). It is in principle possible that these can be cured in a higher-order perturbative
analysis, but at present the situation does not look promising. Background and
linear calculations are available, but nonlinear calculations and simulations are not.
Non-local gravity: score 4. —Interesting developments with models fitting current
data and self-accelerating. Some motivations from quantum spacetime ideas and
emergence are interesting conceptually, but not concretely realised at present.
Solid predictions are available and viable for background and linear observables,
with the same number of parameters as ΛCDM. Predictions close to ΛCDM model
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but different enough and should be detectable by future surveys such as LSST
and Euclid. The theory has luminal gravitational wave speed and passes the
GW170817/GRB 170817A constraint. Codes for distances, large-scale structure
and full CMB is publicaly available via Github repositories. We are unaware of any
nonlinear calculations at this moment although we are aware that N-Body simula-
tion work is ongoing within the group of Maggiore (private communication).
f (R) gravity: score 4 — f (R) gravity has a sensible motivation as the next-order
strong-field correction to GR, and is stable under a few mild restrictions on the
form of f (R). It can also naturally incorporate chameleon screening. However the
interesting parameter space – models which can both screen and accelerate – is
closed due the no-go theorem of Wang et al. (2012). Calculations are mature and
N-body simulation codes are available so these models are often used for pipeline
and framework testing and we kept them here for that purpose for DESC studies.
parameterized Poisson-slip approaches: (no score). —Although strictly speaking a pa-
rameterization of models rather than a model itself, we include this methodology
just for completeness and clarification. We do not attempt to score this approach
according to the criteria of Table 2, since the parameterization describes many
models with differing scores. Instead we note that this two-function framework
serves as a valuable first step towards the more sophisticated Horndeski formal-
ism, and hence is a natural choice for LSST implementation. The formalism max-
imises on simplicity and efficiency, at the expense of restricted applicability (the
quasistatic regime only), and an obscured connection to the modified gravitational
Lagrangian.
5.2. Models that were not selected
In this section, we provide a partial listing of the models that were not selected,
along with brief justifications for these choices.
• Quintessence (minimally-coupled): This class of dark energy models includes
the subclasses of freezing, thawing, tracker and Big Rip models, which cor-
respond to specific classes of potential for the scalar field (Caldwell & Lin-
der 2005). Theoretical tools are well-developed. Effects on perturbative ob-
servables are proportional to 1 +ω, so are potentially small. This model
is fully specified once w(z) is known, so there is little to learn beyond the
core LSST analysis of (say) {w0,wa} or other forms of w(z)CDM. Minimally-
coupled quintessence is a sub-class of Horndeski theories, so is automatically
included in our priority model.
• k-essence: Similar to quintessence, but in this model the scalar field is permit-
ted to have a non-standard kinetic term (Armendariz-Picon et al. 2000, 2001).
Effects on perturbative observables are also proportional to 1 +ω, so are po-
tentially small. It is also a sub-class of Horndeski, so is already included in our
priority model.
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Grading Physical motivation Viability
+ Consistency
Maturity
+ Calculability
Information content Accessibility to
LSST
1 Well-motivated,
including stability &
lack of ghosts
Interesting model
parameters not yet
ruled out; all LSST
observables can be
calculated
consistently
Can calculate
anything that can
be calculated in
LCDM+GR
General features
say something
substantial about
new fundamental
physics
Decisive
constraints
possible with LSST
(possibly when
combined with
other surveys)
2 Interesting ”why
not” physics, new
terms/interactions
stable without
miraculous
cancellations or
fine-tunings
Interesting model
parameters not yet
ruled out; multiple
LSST observables
can be calculated
consistently
Full non-linear
N-body
calculations
possible
General features
say something
substantial about
new physics
Strong constraints
from more than one
LSST observable
3 Maybe not natural,
but addressing a
specific
observational
anomaly
Some model
parameters not yet
ruled out; at least
two LSST
observables can be
calculated
consistently
Quasi-linear
calculations
possible
Models an
interesting (but
possibly
speculative)
physical possibility
Useful constraints
from at least one
LSST observable
4 May be unnatural,
but have appealing
features
Some model
parameters not yet
ruled out; LSST
observables cannot
be calculated
consistently
Linear calculations
possible
Models features of
a broad class of
theories, but may
not be physically
interesting
Mildly useful
constraints
(possibly when
combined with
other surveys)
5 Unnatural models
(but some authors
choose to work on
them still)
Model is already
(practically) ruled
out
Only background
calculations
possible
Little applicability
beyond the specific
theory
Little chance of
useful
observational
constraints
Table 2. A table of grading and criteria used to rank and select modified gravity and dark
energy models. A lower score indicates a more favourable model.
• Brans-Dicke: A classic scalar-tensor theory. It lacks a screening mechanism,
so it is subject to Solar System constraints. Current constraints on the single
free parameter of the model (ω) are ω > 40, 000 (Bertotti et al. 2003), where
w → ∞ is the GR limit. This is also a sub-class of Horndeski, so is already
included in our priority model.
• Hor˘ava-Lifshitz: Orignally studied as a toy model of quantum gravity. The
theory borrows ideas from condensed matter theory to introduce anisotropic
scalings between space and time at high energies, that render the theory
UV-safe (in contrast to the divergent behaviour of GR at high energies). See
the original papers by Horˇava (2009); Horava & Melby-Thompson (2010) and
also the reviews by Sotiriou (2011); Wang (2017), and references therein.
Frusciante et al. (2016) used the EFT of Dark Energy framework to find that
Hor˘ava-Lifschitz gravity strongly affects observables such as the matter power
spectrum, weak lensing power spectra, ISW effect and CMB B-mode polariza-
tion. In turn, these translate into strong constraints on the theory’s parameters.
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We consider these constraints to be sufficiently strong that Hor˘ava-Lifschitz
should not be a focus for our work.
• DGP: Theoretical tools for DGP theories are well-developed, including N-body
simulations, and theory has interesting braneworld-inspired motivations. How-
ever, the self-accelerating branch has a ghost, and hence is non-viable, see
e.g., (Luty et al. 2003; Nicolis & Rattazzi 2004; Gorbunov et al. 2006; Char-
mousis et al. 2006). In addition, growth constraints have essentially ruled out
this branch (Fang et al. 2008; Lombriser et al. 2009). Viable theories on the
normal (non self-accelerating) DGP branch are also disfavored by growth data
(Barreira et al. 2016; Herna´ndez-Aguayo et al. 2018).
• Einstein Gauss-Bonnet: This theory may have interesting connections to het-
erotic string theories (Clifton et al. 2012). In its original form, it is necessarily
equivalent to GR in four dimensions, so not obviously testable by cosmologi-
cal probes. Modified versions (e.g., f(G) models) have been explored, but are
relatively constrained (Li et al. 2007; de Felice et al. 2010). The theory can
be mapped onto an instance of Horndeski gravity (Berti et al. 2015), which is
already included in our priority model.
• Kaluza-Klein: Originally posited as an attempt to unify gravity and electromag-
netism, by considering a 4+1 manifold where one spatial dimension is com-
pactified (see Clifton et al. (2012) and references therein). This leads to an
effective 4D theory with an extra scalar field. Similar ideas later manifested in
the compactifications of Calabi-Yau manifolds in string theory and string gas
cosmology. A successful explanation of why some dimensions grow large,
whilst others stay small, remains a major conceptual challenge for Kaluza-
Klein theory. Current collider constraints bound the approximate size of the
extra dimension to be L ≤ 10−19m; one might naturally expect it to be approx-
imately Planckian in size. Theoretical tools for Kaluza-Klein cosmology are
not well-developed.
• MOND: Non-linear theoretical tools for MOND (modified Newtonian dynamics)
are well-developed, but predictions for background and linear perturbations
are unclear as no covariant Lagrangian formulation exists. It can be used as
a toy model for studies around the galaxy scale, but not as a full cosmological
theory of gravity. Dynamical predictions work well for galaxies (Milgrom 1983;
McGaugh et al. 2016), but are not successful for clusters (Sanders 1999; Hod-
son & Zhao 2017).
• TeVeS: Tensor-Vector-Scalar theory (TeVes) is a relativistic, covariant gener-
alisation of MOND (see above), due to Bekenstein (2004b,a). It involves one
each of additional tensor, vector and scalar fields, leading to a significantly
complicated theory. Nevertheless, the cosmological linear perturbation the-
ory of the model has been developed (Skordis 2009), and can give rise to
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consistent LSS observations. However, the standard ‘vanilla’ TeVeS model
violates the bounds on the speed of gravitational waves from the GW170817
event. Extended TeVeS models consistent with the GW constraints exist, but
the cosmological predictions of these are not well-developed.
• Emergent spacetime: A term that has been to applied to several ideas (Ver-
linde 2011; Padmanabhan 2010; Jacobson 1995). These have interesting
physical motivations, attempting to explain gravity as a phenomenon emerging
from a coarse-grained or thermodynamic ‘average’ over a microscopic theory
of spacetime. However, concrete and testable predictions are generally not
yet well-developed. It is unclear that some of the most interesting aspects
(e.g., entanglement structure of spacetime) will be testable.
• Einstein-Cartan-Sciama-Kibble (ECSK) theory: This theory is equivalent to
GR, but with the assumption of zero torsion lifted. In ECSK theory, mat-
ter fields with spin act as a source of torsion for the metric, meaning that
the metric connection is no longer symmetric (see Hehl et al. (1976); Traut-
man (2006)). Deviations from GR only become significant in very high spin-
densities of matter, such as those potentially present in the early universe.
Theories with torsion have been studied in a cosmological context in the hope
that they could avoid early-time singularities; however, this only seems to work
under very unrealistic early universe conditions.
• Conformal gravity: Conformal gravity replaces the Einstein-Hilbert action with
the square of the Weyl tensor, leading to a higher-derivative theory Mannheim
& Kazanas (1991); Mannheim (2012). Work has been done to study the model
as a theory of quantum gravity, and modifications to the gravitational potential
have been claimed to eliminate the need for dark matter. However, there are
serious debates about the stability of the theory and the presence of ghosts
Bender & Mannheim (2008); Mannheim (2007); Pavsˇicˇ (2013, 2016). Cosmo-
logical predictions are not well-developed.
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A. Linear evolution equations for Horndeski theories
In this appendix, we show the full system of linear evolution equations for the
Horndeski class of scalar field models. These are taken from Bellini & Sawicki
(2014) and use the restriction αH = 0, as justified in the main text.
A.1. linearized Einstein equations for Horndeski gravity
We use the notation G4X = dG4/dX. The linearized field equations are (where
on the LHS we indicate which tensorial component of the Einstein field equations
these correspond to):
00 : 3 (2−αB)HΦ˙+ (6−αK − 6αB)H2Ψ+ 2k
2Φ
a2
(A1)
− (αK + 3αB)H2v˙X −
[
αB
k2
a2
− 3H˙αB + 3
(
2H˙ + ρ˜m + p˜m
)]
HvX = −ρ˜mδm ,
0i : 2Φ˙+ (2−αB)HΨ−αBHv˙X −
(
2H˙ + ρ˜m + p˜m
)
vX = − (ρ˜m + p˜m) vm
(A2)
i j traceless : Ψ− (1 +αT)Φ− (αM −αT)HvX = p˜mpim (A3)
trace : 2Φ¨−αBHv¨X + 2 (3 +αM)HΦ˙+ (2−αB)HΨ˙ (A4)
+
[
H2 (2−αB) (3 +αM)− (αBH). + 2H˙ − (ρ˜m + p˜m)
]
Ψ
−
[(
2H˙ + ρ˜m + p˜m
)
+ (αBH)
. + H2αB (3 +αM)
]
v˙X
− [2H¨ + 2H˙H (3 +αM) + ˙˜pm +αMHp˜m] vX = δ p˜m
where p˜m = pm/M2? and ρ˜m = ρm/M2?.
The evolution equation for the scalar field fluctuation vX reads
3HαBΦ¨+ H2αKv¨X − 3
[(
2H˙ + ρ˜m + p˜m
)− H2αB (3 +αM)− (αBH).] Φ˙ (A5)
+ (αK + 3αB)H2Ψ˙− 2 (αM −αT)Hk
2
a2
Φ−αBHk
2
a2
Ψ−
−
[
3
(
2H˙ + ρ˜m + p˜m
)− H˙(2αK + 9αB)− H (α˙K + 3α˙B)− H2 (3 +αM) (αK + 3αB)]HΨ+
+
[
2H˙αK + α˙KH + H2αK (3 +αM)
]
Hv˙X + H2M2vX+
+
[
− (2H˙ + ρ˜m + p˜m)+ 2H2 (αM −αT) + H2αB (1 +αM) + (αBH).] k2a2 vX = 0 ,
with
H2M2 ≡ 3H˙ [H˙ (2−αB) + ρ˜m + p˜m − Hα˙B]− 3HαB [H¨ + H˙H (3 +αM)] . (A6)
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A.2. Growth equations for Horndeski gravity with pressureless
matter
The full set of field equations above is somewhat messy. A more convenient
system to solve can be formed by eliminating the scalar field perturbation from
Eqns. A1, A2 & A3 (note that this involves taking a time derivative of eq.A3). The
result is a second order differential equation for the potential Φ, sourced by δm.
This is, in fact, the first step in deriving the quasi-static approximation expressions,
as described in §2.1.4.
We will also make the simplification of a pressureless matter sector, setting
pm = pim = 0 (where pim here is the anisotropic stress of matter). Furthermore,
Bellini et al. Bellini & Sawicki (2014) argue that the velocity perturbation vm can be
neglected on subhorizon scales. Implementing these simplifications:
Φ¨+
β1β2 +β3α
2
B k˜
2
β1 +α
2
Bk˜
2
HΦ˙+
β1β4 +β1β5 k˜2 + c2sα2Bk˜
4
β1 +α
2
B k˜
2
H2Φ = − 1
2M2∗
[
β1β6 +β7α
2
B k˜
2
β1 +α
2
B k˜
2
δρm
]
,
(A7)
and the slip relation:
α2B
k2
a2
[
Ψ−Φ
(
1 +αT +
2 (αM −αT)
αB
)]
+β1
[
Ψ−Φ (1 +αT)
(
1− 2αH
2 (αM −αT)
β1
)]
= (αM −αT)
[
αB
ρmδm
M2∗
− 2Hα Φ˙
]
. (A8)
where k˜ = k/aH and the βi functions are given below. Bellini et al. comment
that whenever αB 6= 0, the slip relation contains a ‘braiding scale’ at which the
behaviour of the perturbations change in their dynamical behaviour. However, it is
possible that the braiding scale is at or above the horizon, in which case we would
not be sensitive to the transition.
The system is closed by the standard evolution equations for CDM:
δ˙m − k
2
a2
vm = 3Φ˙ , v˙m = −Ψ , (A9)
Eqns. A7 - A9 can then be coded up to solve for the evolution of δm, from which
the growth rate can be computed.
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The βi functions are:
β1 = −αK ˜ρmH2 − 2α
(
H˙
H2
+αT −αM
)
, (A10)
β2 ≡ 2(2 +αM) + 3Υ , (A11)
β3 ≡ 3 +αM + α
2
B
Hα
(
αK
α2B
)·
, (A12)
β4 ≡ (1 +αT)
[
2H˙/H2 + 3(1 + Υ) +αM
]
+ α˙T/H , (A13)
β5 ≡ c2s −
2αB(β3 −β2)
α
+
α2B
4β1
(1 +αT)(β3 −β2) + α
2
Bβ4
4β1
, (A14)
β6 ≡ β7 + αB(β3 −β2)
α
, (A15)
β7 ≡ c2s +
α2B/2(1 +αT)−αB(αT −αM)
α
, (A16)
β8 ≡ β9 − (αK + 3αB)(β3 −β2)
α
, (A17)
β9 ≡ −(1 + 3c2s +αT) +
α2B
Hα
(
αK
α2B
)·
, (A18)
β10 ≡ −6(1 + Υ)− 4H˙/H2 , (A19)
β11 ≡ 23 −
α2B
2β1
[
(2−αM) + 2H˙/H2
]− α4B
2β1Hα
(
αK
α2B
)·
(A20)
γ1 ≡ αKρD + pD4H2M2∗
− 3α2B
H˙
H2
, (A21)
γ9 ≡ ααT −αM2 . (A22)
with
α = αK +
3
2
α2B (A23)
12β1H3M2∗Υ ≡ 2αM2∗
{[
H˙ + (αT −αM)H2
]·
+ (3 +αM)H
[
H˙ + (αT −αM)H2
]}
(A24)
− ρmH(αK + 3αB)(αT −αM) + 32ρm
α4B
α
(
αK
α2B
)·
(A25)
c2s = −
(2−αB)
[
H˙ − (αM −αT)H2 − H2αB/2(1 +αT)
]
− Hα˙B + ρ˜m
H2α
(A26)
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B. Linear perturbation equations for the RT non-local
model
Using again a prime to denote the derivative with respect to x = ln a defining
the variables V = H0a−1S0 and Z = H20S, the perturbed field equations are given
by Dirian et al. (2014); Nesseris & Tsujikawa (2014)
kˆ2Φ+ 3(Φ′ − Ψ) = 3
2h2ρ0
[
δρ+γρ0
(
δU − hδV′ + 2hΨV¯′ + hΨ′V¯)] , (B27)
kˆ2(Φ′ − Ψ) = − 3
2h2ρ0
[
ρ¯(1 + w)θˆ+ kˆ2γρ0
(
h2δZ− h
2
2
δZ′ + hΨV¯ − h
2
δV
)]
,(B28)
kˆ2(Ψ+Φ) =
9
2h2ρ0
[
ρ¯(1 + w)e2xσ +
2
3
kˆ2γρ0h2δZ
]
, (B29)
Φ′′ + (3 +ζ)Φ′ − Ψ′ − (3 + 2ζ)Ψ+ kˆ
2
3
(Φ+ Ψ)
= − 3
2h2ρ0
[
δp−γρ0
(
δU − h(Φ′ − 2Ψ)V¯ − hδV − kˆ
2
3
h2δZ
)]
. (B30)
Next, the linearized equations for the auxiliary fields read
δU′′ + (3 +ζ)δU′ + kˆ2δU = 2kˆ2(Ψ+ 2Φ) + 6(Φ′′ + (4 +ζ)Φ′)− 6 [Ψ′ + 2(2 +ζ)Ψ]
+2ΨU¯′′ +
[
2Ψ(3 +ζ) + (Ψ′ − 3Φ′)] U¯′ (B31)
δV′′ + (3 +ζ)δV′ + kˆ
2
2
h(δZ′ − 4δZ)− h−1δU′ = 2ΨV¯′′ + [2(3 +ζ)Ψ+ 3(Ψ′ −Φ′)] V¯′
+
[
Ψ′′ + (3 +ζ)Ψ′ + 6Φ′
]
V¯ −
[
(1/2)kˆ2 − 3
]
(δV − 2ΨV¯) , (B32)
δZ′′ + (1 +ζ)δZ′ + 2
(
kˆ2 − (3 +ζ)
)
δZ = 2h−2δU
−h−1 [δV′ + 5δV − 4ΨV¯′ − 2(Ψ′ −Φ′ + 4Ψ)V¯] . (B33)
Finally, the perturbed Einstein equations can again be recast in the form of an
effective fluid as
δρDE ≡ γρ0
(
δU − hδV′ + 2hΨV¯′ + hV¯Ψ′), (B34)
ρ¯DE(1 + wDE)θˆDE ≡ kˆ2γρ0
(
h2δZ− h
2
2
δZ′ + hΨV¯ − h
2
δV
)
, (B35)
ρ¯DE(1 + wDE)σDE ≡ 23 kˆ
2γρ0e−2xh2δZ, (B36)
δpDE ≡ −γρ0
(
δU − h(Φ′ − 2Ψ)V¯ − hδV − kˆ
2
3
h2δZ
)
. (B37)
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